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Abstract

The class number formula is a classical topic in algebraic number theory, which
relates many important invariants of a number field K to the special value of its
Dedekind zeta function ζK(s) at s = 1. In this semester paper, after a brief recap
of relevant results on number fields, we present a proof of the class number formula
via geometry of numbers and then derive an explicit formula of ζK(s) at s = 1 for
Abelian number fields. This leads us to an analytic formulation of Gauss’s Quadratic
Reciprocity Law and the original proof of Dirichlet’s theorem on arithmetic progres-
sions by Dirichlet himself. To examine these themes further, we then summarize
theorems of class field theory and use them to obtain general reciprocity laws and
uniform distribution results of primes in number fields.
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A Brief Recap on Number Fields

Chapter I

A Brief Recap on Number Fields

Let us begin our journey through the class number formula with a short recap on
some relevant notions and facts about number fields.

We borrow heavily from the first five chapters of [M18], where one can find proofs
of all1 the results appeared in this chapter. Hence, all the statements in section 1.1 and
1.2 are stated without proofs. But section 1.3 (the geometry of numbers) is central to
our main topic – the class number formula, so we kindly recall the proofs here.

1.1 Number fields and number rings

A number field K is a finite extension of the field of rational numbers Q, so it
is of the form Q(α) for some algebraic number α ∈ C (finite separable extensions are
simple). The degree of the minimal polynomial f ∈ Q[x] of α is the degree of the field
extension K/Q, and we shall denote it by n = [K : Q].

Let OK be the set of all integral elements in K over Z, i.e., elements that are roots
of monic integral polynomials in K, then OK forms a subring of K (the integral closure
of Z in K), called the number ring of K. We shall call elements in OK algebraic
integers to distinguish them from the case K = Q, where OK is nothing but the usual
rational integers Z.

An extension of number fields L/K of degree n has precisely n K-embeddings
σi : L ↪→ C, so we define two K-valued functions T = TL

K (trace) and N = NL
K (norm)

on L as follows: For each α ∈ L, set

TL
K(α) = σ1(α) + · · ·+ σn(α),

NL
K(α) = σ1(α) · · · · · σn(α).

Note that if the minimal polynomial of α ∈ L is given by f(x) = xd+ad−1x
d−1+· · ·+a0 ∈

K[x] (d | n), then TL
K = (n/d)a0 ∈ K and NL

K(α) = (ad−1)
n/d ∈ K, so TL

K and NL
K are

well-defined. In particular, if K = Q, then the maps T,N send algebraic integers to
rational integers. Clearly, T is additive andN is multiplicative by definition. Moreover,
T and N satisfy the following transitive property for towers of number fields:

Proposition 1.1 Let L/F/K be extensions of number fields. Then, for all α ∈ L,

TL
K(α) = T F

K (TL
F (α)),

NL
K(α) = NF

K(N
L
F (α)).

Let L/K be an extension of number fields of degree n. We now recall the notion of
the discriminant of an n-tuple in L, which turns out to be quite helpful, for instance,

1Well... except for the Kronecker–Weber Theorem.
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The Class Number Formula and Beyond

to deduce the additive structure of a number ring: For any n-tuple (α1, . . . , αn) in L,
we define

dL/K(α1, . . . , αn) := det(σi(αj))
2 = det(TL

K(αiαj)). (1-1)

Observe that dL/K(α1, . . . , αn) = 0 iff (α1, . . . , αn) isK-linear. Also, the second equality
tells us that when K = Q, the discriminant of n algebraic integers is a rational integer.

Theorem 1.2 Suppose K is a number field of degree n, then (OK ,+) is a free abelian
group of rank n. i.e., there exists an n-tuple (ω1, . . . , ωn) ∈ OK, such that

OK = ω1Z⊕ · · · ⊕ ωnZ.

Corollary 1.3 More generally, any ideal1 a of OK has the additive structure of a free
abelian group of rank n, and the quotient ring OK/a is finite. Hence, prime ideals of
OK are maximal (finite integral domains are fields).

Such an n-tuple in Theorem 1.2 is called an integral basis of K, its discrim-
inant is invariant under change of bases, and hence is an invariant of K, called the
discriminant of K. We shall denote the discriminant of K by d(K).

For any ideal a of OK , we define its norm to be the number of elements in the
quotient ring OK/a, and denote it by NK(a). Suppose (α1, . . . , αn) is a basis of a, then
it follows from the fundamental theorem of finite abelian group that

dK/Q(α1, . . . , αn) = NK(a)
2d(K). (1-2)

It is worth mentioning that norm is completely multiplicative with respect to ideals
(Corollary 1.7).

Let us now work out two important special cases, which will be appear over and
over again in our further discussions.

1) (Quadratic fields) If K = Q(
√
d), d is square-free, then OK = Z[ω], where

ω =

{√
d, d ≡ 2, 3 (mod 4);

(1 +
√
d)/2, d ≡ 1 (mod 4).

(1-3)

And thus

d(K) =

{
4d, d ≡ 2, 3 (mod 4);

d, d ≡ 1 (mod 4).
(1-4)

2) (Cyclotomic fields) If K = Q(ζm), ζm = e2πi/m is a m-th primitive root of unity,
then O(K) = Z[ζm]. In particular2, if m = pt is a prime power, then one computes that
d(K) = d(ζm) = (−1)k/2pp

t−1(tp−t−1), where k = ϕ(pt), ϕ is the Euler totient function.
If t = 1 and p is odd, we get

d(K) =

{
pp−2, p ≡ 1 (mod 4);

− pp−2, p ≡ 3 (mod 4).

1Unless otherwise stated, by “ideal” we shall always mean “non-zero ideal”.
2If m,n are coprime, then Q(ζmn) = Q(ζm)Q(ζn) and Z[ζmn] = Z[ζm]Z[ζn], so everything reduces to the case

where m = pt is a prime power.
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Note that (1, ζp, . . . , ζp−1
p ) is an integral basis of K, d(K) = d(1, ζp, . . . , ζ

p−1
p ), which is a

perfect square in K by (1-1), we see Q(
√
p) ⊂ Q(ζp) if p ≡ 1 (mod 4), Q(

√
−p) ⊂ Q(ζp)

if p ≡ 3 (mod 4). This is a special case of the Kronecker–Weber Theorem:

Theorem 1.4 (Kronecker–Weber) Every Abelian number field (i.e., it is Galois
over Q and the Galois group is abelian) is contained in a cyclotomic field.

We will give a proof of this theorem in section 3.1.2, when we discuss first elements
of class field theory.

1.2 Prime decomposition in number rings
1.2.1 Prime decomposition
Let K be a number field and let OK be its number ring. Although elements in

OK may not be factorized uniquely, every ideal of OK can be uniquely decomposed as
a finite product of prime ideals, this is because number rings are Dedekind domains
(noetherian, integrally closed domain of dimension 1). Indeed, one can show that OK

is a UFD iff it is a PID.

Theorem 1.5 If A is a Dedekind domain, then every proper ideal of A can be written
uniquely in the form

a = pn1
1 · · · pns

s ,

where s ≥ 1, the pi’s are pairwise distinct prime ideals and the ni’s are positive integers.
By convention, A is the product of 0 prime ideal.

The key ingredient to prove the uniqueness of the prime decomposition of ideals
in a Dedekind domain is the following lemma:

Lemma 1.6 Let a be an ideal of a Dedekind domain A, then there exists an ideal b
such that ab is principal.

Lemma 1.6 guarantees the cancellation law for ideals in a Dedekind domain, and
also leads naturally to the definition of the ideal class group, where the class of principal
ideals is the identity element. We will return to this in the next section.

By Theorem 1.5, addition and multiplication of ideals satisfy the distributive law,
and thus it now makes sense to generalize the notions of factors, greatest common
factions, least common multiples, etc. to ideals in a Dedekind domain.

Corollary 1.7 Norm is completely multiplicative. More precisely, if

a = pn1
1 · · · pns

s ,

then

NK(a) = NK(p1)
n1 · · ·NK(ps)

ns .

Now, let L/K be an extension of number fields of degree n, then clearly OK is a
subring of OL. Given a prime ideal q ∈ OL, its contraction ideal p := q ∩ OK remains
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The Class Number Formula and Beyond

prime, so we say that q lies over p and that p lies under q. Conversely, given a prime
ideal p ⊂ OK , its extension ideal pOL may not be prime in S any more, and it has a
prime decomposition

pOL = qe11 · · · qegg , (1-5)

where the qi’s are prime factors of pOL. We shall call the exponents ei’s ramification
indices and denote ei = e(qi|p). Note that for each qi, OK/p ↪→ OL/qi is an extension
of finite fields, we shall take its degree fi = f(qi|p) and call it the inertial degree of q
over p.

Surprisingly, there is a beautiful relation among these important numbers.

Theorem 1.8 Keeping the same notations as above, we have

e1f1 + · · ·+ egfg = n. (1-6)

Some important special cases are worth mentioning: If pOL is not square-free, i.e.,
there exists some 1 ≤ i ≤ g such that ei > 1 , then we say that p is ramified. Moreover,
we say that p is totally ramified in the extreme case e = n, f = g = 1; if pOL remains
to be prime, i.e., f = n, e = g = 1, then we say p is inert; and if g = n, e = f = 1, then
we say p is totally split.

Ramification indices and inertial degrees are multiplicative in towers. Namely, let
L/F/K be extensions of number fields with their corresponding number rings OL ⊃
OF ⊃ OK , and suppose we have a chain of prime ideals r ⊂ OL lying over q ⊂ OF and
q lying over p ⊂ OK , then

e(r|p) = e(r|q) · e(q|p), f(r|p) = f(r|q) · f(q|p).

1.2.2 Galois theory applied to prime decomposition
If L/K is a normal (and hence Galois) extension of number fields, then the Galois

group G = Gal(L/K) acts transitively on the set of all prime ideals q ⊂ OL lying over
p. Hence, a prime q of OL splits into (p1 · · · pg)e, where the pi’s are distinct primes, all
having the same inertial degree f over p. Moreover, consider the following subgroups
of G: the decomposition group

Dq := {σ ∈ G : σq = q},

and the inertia group

Iq := {σ ∈ G : σ(α) ≡ α (mod q), ∀α ∈ OL}.

Clearly, there is a chain of subgroups Iq ≤ Dq ≤ G. Any element σ of Dq induces
an automorphism of the residue field L := OL/q while fixing its subfield K := OK/p

pointwise, and thus can be view as an element σ of the Galois group of residue fields
G := Gal(L/K). In fact, this gives us a surjective group homomorphism

Dq ↠ G, σ 7→ σ,

whose kernel is exactly Iq, so Dq/Iq ∼= G canonically. More precisely, let LD (resp. LI)
be the corresponding fixed field of Dq (resp. Iq), called the decomposition field (resp.

4



A Brief Recap on Number Fields

inertia field), then we have the following diagram:

Groups Number Fields Primes Residue Fields

{1} L q L = OL/q

Iq LI qI LI = OLI
/qI

Dq LD qD LD = OLD
/qD

Gal(L/K) K p K = OK/p

e

f

g

f

Where, qI = q∩OLI
, qD = qI ∩OLD

, and e(qI |pD) = e(qD|p) = 1. Hence, pD is inert in
OLI

and pI is totally ramified in OL. If Dq ⊴ Gal(L/K), then p totally splits in to g
primes in OD. If also Iq ◁Gal(L/K), then these primes remain prime in OI , and each
of them becomes an e-th power in OL.

1.2.3 The Frobenius automorphism
Let L/K be a Galois extension of number fields, and suppose a prime p ⊂ OK is

unramified in OL, i.e., pOL = q1 · · · qg. Write q = q1, then Iq is trivial, so Dq
∼= G is

cyclic of order f . Note that |K| = |OK/p| = NK/Q(p), G is generated by the map σ :

x 7→ xNK/Q(p). We shall denote by the Artin symbol
(

L/K
q

)
its corresponding element

σ in Dq under the canonical isomorphism σ 7→ σ above, and call it the Frobenius
automorphism of q over p. It is not hard to see that

(
L/K
q

)
is characterized by(

L/K

q

)
α ≡ αNK/Q(p) (mod q), ∀α ∈ OL. (1-7)

Here are some first properties of the Frobenius automorphism:
1) For each σ ∈ Gal(L/K), we have(

L/K

σ(q)

)
= σ

(
L/K

q

)
σ−1; (1-8)

2) For a tower L/F/K of number fields (L/K is Galois), set qF = q ∩ OF , then(
L/F

σ(q)

)
=

(
L/K

q

)f(qF |p)

; (1-9)

3) If in addition F/K is also Galois, then(
F/K

σ(q)

)
=

(
L/K

q

)∣∣∣∣
F

. (1-10)

One reason why the Frobenius automorphism is interesting can be seen in the
fact that it is of order f(q|p), and hence indicates how p splits in OL. The quadratic
and cyclotomic fields provide us with perfect examples. So, let us now list how primes
p ∈ Z split in these number fields, as follows:

5
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1) K = Q(
√
d), d square-free is a quadratic field. Then,

a) If p | d(K), then p is ramified1 in OK ;
b) If p - d(K) is odd, then p totally splits in OK when d(K) is a quadratic residue

of p and p is inert otherwise;
c) If p - d(K) and p = 2, then p totally splits in OK when p ≡ 1 (mod 8) and p

is inert otherwise.
2) K = Q(ζm), ζm = e2πi/m is a cyclotomic field. Suppose m = pkn, p - n, then

pOK = (q1 · · · qg)e,

where e = ϕ
(
pk
)
and f is the smallest positive integer such that pf ≡ 1 (mod m).

The Frobenius automorphism will be very important for our discussions of class
field theory in chapter 3.

1.3 The ideal class group and the unit group

In this section, we recall two important groups associated to a number ring OK :
the ideal class group and the unit group, mainly from a geometric point of view. This
section follows much of chapter 6-9 of [ST16].

1.3.1 The ideal class group
Let A be an integral domain, and F = Frac(A) be its field of fractions. Then,

the set S of all (non-zero, as usual) ideals of A forms a commutative monoid 2 w.r.t.
the product · of ideals. If (S, ·) satisfies the cancellation law, then we can extend S to
an abelian group G by taking fractions. In addition, if A is a Dedekind domain, then
explicitly, G is just the group of fractional ideals of A (thanks to Lemma 1.6), and it
has a subgroup H of principal fractional ideals. We define the ideal class group of
A to be the quotient group C := G/H.

Equivalently, here is a down-to-earth way of viewing C: For an integral domain
A, we define an equivalence relation ∼ on S by setting

a ∼ b iff ∃α, β ∈ A, s.t.βa = αb,

then C̃ := S/ ∼ inherits the product operation · from the product of ideals. We shall
call an equivalence class of S under ∼ an ideal class, and write C = [a] the ideal class
of a. One can check that

1) a ∼ b iff they are isomorphic as A-modules;
2) The set of all principal ideals forms an ideal class;
3) (C̃, ·) forms an (abelian) group iff for any ideal a, there exists an ideal b such

that ab is principal. In particular, if A is a Dedekind domain, C̃ = C. In this case, the
class of principal ideals is the identity of C and [b] is the inverse of [a].

Let us go back to number fields. Let K be a number field, then the discussion
above shows that the set of ideal classes of OK can indeed be given an abelian group
structure, which we shall denote by CK . Formally, CK := IK/PK is the quotient group

1In fact, for any number field K, p is ramified in OK iff p | d(K).
2Monoids are semigroups with identity.
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of fractional ideals IK by the subgroup of principal fractional ideals PK .
Although both IK and PK are huge, their quotient turns out to be rather small.

Theorem 1.9 For any number field K, CK is a finite abelian group.

The idea of the proof is to first show that there exists some constant λ = λ(K) > 0,
such that every ideal a of OK contains a non-zero element α with the property

|NK(α)| ≤ λNK(a), (1-11)

and then deduce that every ideal class contains some ideal of norm no greater than
λ, so the finiteness of CK follows from the fact that there exists finitely many ideals
of a given norm. To see this, note that for any ideal a, NK(a) ∈ a since by definition
NK(a) = |OK/a|, so a is divisible the ideal generated by NK(a). But there exists
finitely many factors of (NK(a)), so we are done.

Although one can deduce (1-11) by algebraic tricks, a more enlightening way to
achieve this is to use the geometry of numbers, which also gives us a better bound for
λ. So, let us now move to the geometry of numbers.

Suppose the signature of K is (s, t), i.e., K has s real and t complex embeddings
(n = s+ 2t), and let σi, 1 ≤ i ≤ n be these embeddings, arranged in such a way

σ1, . . . , σs;σs+1, σs+1, . . . , σs+t, σs+t

that the first s ones are real and the rest are complex, and that σi(α) := σi(α). Consider
the real vector space Ls,t := Rs × Ct with a norm1

N(x) := x1 · · ·xs|xs+1|2 · · · |xs+t|2 ∈ R,

where x = (x1, . . . , xs;xs+1, . . . , xs+t) ∈ Ls,t. The map

σ : K → Ls,t, α 7→ (σ1(α), . . . , σs(α);σs+1(α), . . . , σs+t(α)), (1-12)

σ is a norm preserving Q-algebra homomorphism. Furthermore, σ maps Q-bases of K
to R-bases of Ls,t, and thus maps additive subgroups of K to lattices of Ls,t. Indeed,
for any n-tuple (α1, . . . , αn) in K, put

σ(αk) = (x
(k)
1 , . . . , x(k)s ; y

(k)
1 + iz

(k)
1 , . . . , y

(k)
t + iz

(k)
t ),

and let A be the coordinate matrix of these σ(αj)’s (view Ls,t as an n-dimensional real
vector space with the standard basis)

A =

x
(1)
1 · · · x

(1)
s y

(1)
1 z

(1)
1 · · · y

(1)
t z

(1)
t

...
...

...
...

...
...

x
(n)
1 · · · x

(n)
s y

(n)
1 z

(n)
1 · · · y

(n)
t z

(n)
t

 ,

then a direct computation yields

dK(α1, . . . , αn) = det(σi(αj))
2 = 4t(detA)2.

Hence, by Corollary 1.3 we see that the image of any ideal a of OK is a n-dimensional
1Here, the word “norm” is not the same as the usual meaning of the norm of a vector space!
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lattice σ(a) of Ls,t. Suppose (α1, . . . , αn) is an integral basis of a, then σ(a) is generated
by (σ(α1), . . . , σ(αn)) and has a fundamental domain

P =

{
n∑

i=1

miσ(αi) : 0 ≤ mi < 1, i = 1, . . . , n

}
.

Combining with (1-2), one computes the volume of a fundamental domain P (invariant
under change of bases) of σ(a) to be

V (P ) = detA = 2−tNK(a)
√

|d(K)|, (1-13)

where V (·) shall always denote the volume of a set · in Rn, and A is as above.
The power of the geometry of numbers lies on the following result, which seems

innocent at the first glance:

Theorem 1.10 (Minkowski) Let L be an n-dimensional lattice in Rn with funda-
mental domain P , and let X ⊂ Rn be a bounded symmetric (w.r.t. the origin) convex
set. If

V (X) > 2nV (P ),

then X contains a non-zero element of L. If in addition X is compact, then the result
holds if V (X) ≥ 2nV (P ).

The proof of this theorem is based on the observation that “if an injective map is
locally volume-preserving, then it is globally volume-preserving”, which we now state
as a lemma. For convenience, let π be the natural map Rn → Tn with kernel L, then
it induces a bijection ϕ : P → Tn. We define the volume of a subset Y ⊂ Tn by

v(Y ) = V (ϕ−1(Y )),

where v(Y ) exists iff ϕ−1(Y ) has a volume in Rn.

Lemma 1.11 Keep notations as above. Suppose X be a bounded set in Rn and suppose
V (X) exists. If v(ϕ(X)) 6= V (X), then π|X is not injective.

Proof: Since X is bounded, there are only finitely many elements l’s in L such that
Xl := X ∩ (P + l) 6= ∅. Namely, X = tm

i=1Xli for some distinct l1, . . . , lm ∈ L. For each
i, put Yli = Xli − li ⊂ T . Suppose ϕ|X is injective, then Yli ∩ Ylj = ∅ whenever i 6= j.
Hence, V (Xli) = V (Yli) and π(Xli) = π(Yli), for all i = 1, . . . ,m. But

v(π(X)) = v

(
π

(
m⊔
i=1

Xli

))
= V

(
m⊔
i=1

Yli

)
=

m∑
i=1

V (Yli) =

m∑
i=1

V (Xli) = V (X),

contradiction! □

We are now ready to prove the Minkowski theorem.
Proof of Theorem 1.10: Double the size of L, we get a lattice 2L with a fundamental
domain 2P , and V (2P ) = 2nV (P ). We now apply Lemma 1.11 to our new lattice 2L.

Since V (X) > 2nV (P ) = v(Tn), by Lemma 1.11 the map π|X cannot be injective,
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so there exist x1 6= x2, x1, x2 ∈ X, such that π(x1) = π(x2). Namely, 0 6= x1 − x2 ∈ 2L

and thus 0 6= (x1 − x2)/2 ∈ L ∩X by symmetry and convexity of X.
If X is compact, then the same argument shows that for any m ∈ N∗, (1+1/m)X

contains a non-zero element of L. Let Am be the set of all such elements, then all Am’s
are finite, non-empty, and Am ⊆ Ak whenever m ≥ k. Hence, A := ∩m≥1Am 6= ∅. Pick
any x ∈ A, x ∈ ∩m≥1(1 + 1/m)X = X = X, as desired. □

Intuitively, the Minkowski theorem merely states that if the volume of a “nice” set
X is large enough, then it must contains some non-zero lattice point, but this leads to
many non-trivial and important consequence, such as an elegant proof of the two- and
four-squares theorem. (See for instance [ST16] p. 142-144, Theorem 7.2 and 7.3.)

Here, given a lattice L with fundamental domain P of volume V in Ls,t, if we pick
some positive real numbers c1, . . . , cs+t such that

c1 · · · · cs+t ≥
(
4

π

)t

V,

then the set X := {(x ∈ Ls,t : |xi| ≤ ci, 1 ≤ i ≤ s, |xs+j|2 ≤ cs+j} contains a non-zero
lattice point. So, interpreting this observation to ideals of OK , and combining with
(1-13), we deduce that every ideal a of OK contains some α 6= 0 ∈ a with

|NK(α)| ≤
(
2

π

)t

NK(a)
√

|d(K)|. (1-14)

Thanks to our discussions above, the proof of Theorem 1.9 is now not so hard.
Proof of Theorem 1.9: Let C be an ideal class, and let a be an ideal in its inverse class
C−1. Then, there exists some 0 6= α ∈ a such that (1-14) holds. Since (α) ⊆ a, there
exists an ideal b such that ab = (α), so b ∈ C and

NK(b) ≤
(
2

π

)t√
|d(K)|1

Hence, every ideal class contains some ideal whose norm is bounded by a constant. So,
it suffices to show that there are only finitely many ideals of a given norm. To see this,
note that for any ideal c, m := NK(c) ∈ c since by definition m = |OK/c|, so (m) ⊆ c

and by Theorem 1.5 (m) has only finitely many factors. □

In conclusion, the group CK is indeed finite, and we shall denote its order by hK ,
or simply by h if the number field K is clear.

1.3.2 The unit group
Let us now determine the structure of the multiplicative subgroup UK of all units

in our number ring OK in the spirit of the geometry of numbers. It is clear that UK

contains a finite torsion subgroup WK consisting of all the roots of unity in K. WK is
cyclic since any finite multiplicative subgroup of a field is cyclic. Moreover,

1In fact, we can do better. A clever choice of X will give us a stronger bound (nn/n!) · (2/π)t
√

|d(K)|, which
is called the Minkowski constant. This is really a nice result since it is helpful for computations and it gets small
quickly as n increases.

9
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Theorem 1.12 (Dirichlet unit theorem) Keeping notations as above, we have

UK = WK × VK ,

where VK is a free abelian group of rank s+ t− 1.

In particular, this theorem tells us that except for the cases of Q (where s = 1, t =

0) and imaginary quadratic fields (where s = 0, t = 1), the unit group UK is always
infinite.

To prove the theorem, we define a logarithm map1

L : K \ {0} =: K∗ σ→Ls,t l→Rs+t, α 7→ σ(α) 7→

{
log |σi(α)|, 1 ≤ i ≤ s

2 log |σs+j(α)|, 1 ≤ j ≤ t
, (1-15)

which induces a group homomorphism UK → Rs+t (with a slight abuse of notations,
we shall denote this also by L) with the following properties:

1) Ker(L) = WK ;
2) Im(L) is an additive subgroup contained in a hyper-surface H in Rs+t, given

by

H = {(x1, . . . , xs+t) ∈ Rs+t : x1 + · · ·+ xs+t = 0};

3) Im(L) is discrete, and hence a lattice of dimension r ≤ s+ t− 1. In particular,
U = WK × VK , where VK is a free abelian group of rank r;

4) r = s+ t− 1.
So we now prove these properties, and Theorem 1.12 follows.
Proof: 1). We claim that α ∈ WK iff |σk(α)| = 1, ∀ 1 ≤ k ≤ n. Clearly, α ∈ WK implies
all the σk(α)’s have absolute value 1; Conversely, if all the σk(α)’s have absolute value
1, then the same is true for every αm, m ≥ 1. But the coefficient of the minimal
polynomials (over Q) of the αm’s are integral and bounded, so there are only finitely
many options. Hence, the set {αm}m≥1 cannot be pairwise distinct, so α ∈ WK .

2). Note that for any α ∈ K∗, the sum of all coordinates of L(α) is log |NK(α)|.
So it suffices to show that α ∈ UK iff |NK(α)| = 1, which is clear since NK(α) has to
be an invertible rational integer.

3). Given any bounded subset B of Rs+t, if L(α) ∈ B, then each |σk(α)| is bounded,
so a similar argument as in 1) shows again that there exist finitely many such α’s, so
Im(L) is discrete.

4). The proof accomplishes in three steps.
a) We first claim that fixing any 1 ≤ k ≤ s + t, for each 0 6= α ∈ OK there exists

0 6= β ∈ OK with

|NK(β)| ≤
(
2

π

)t√
|d(K)| =:M,

and such that if we write L(α) = (a1, . . . , as+t), L(β) = (b1, . . . , bs+t), then bi < ai for
all i 6= k.

1The map l is actually defined for any x = (x1, . . . , xs+t) ∈ Ls,t with N(x) ̸= 0, which sends xi to log |xi| for
1 ≤ i ≤ s, and xs+j to 2 log |xs+j | for 1 ≤ j ≤ t.
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To see this, we apply Theorem 1.10 to the lattice L = σ(OK) and a special choice
of a compact, symmetric and convex set X. For instance, if k = 1, put

X =
{
(x1 . . . , xn) ∈ Rn : |xi| ≤ ci, 1 ≤ i ≤ s, x2j + x2j+t ≤ |cj|, s+ 1 ≤ j ≤ s+ t

}
,

where 0 ≤ ci ≤ eai , 2 ≤ i ≤ s+ t and c1 = (c2 · · · cs+t)
−1M . Note that V (X) = 2nM , by

Theorem 1.10 and (1-13) we see that X contains a non-zero element of σ(OK), which
gives us some 0 6= β ∈ OK , as desired.

b) By a), fixing any 1 ≤ k ≤ s+ t, we can now find a special unit uk such that if
we write

L(uk) = (yk1, . . . , yk(s+t)),

then yik < 0 whenever i 6= k.
To begin with, pick an arbitrary 0 6= γ1 ∈ OK , then by a) we can find a sequence

γ2, γ3, · · · of non-zero elements in OK such that whenever i 6= k, the i-th coordinate of
L(γj+1) is strictly smaller than that of L(γj) and that each has norm |NK(γj)| ≤ M .
Notice that there are only finitely many ideals of a bounded norm, the principal ideals
generated by the γi’s cannot be pairwise distinct. So, fixing some pair h > j such that
(γj) = (γh), we get γh = ukγj for some uk, and this uk is what we required.

c) For our special units u1, . . . , uk, the coordinate matrix (yjk) of L(u1), . . . , L(us+t)

has rank s+ t− 1, which implies 4).
More generally, we will prove the following lemma and c) follows immediately.

Lemma 1.13 Given a matrix A = (aij) ∈ Ml(R), all of whose diagonal elements are
positive while others are negative, if each row-sum of A is 0, then rank(A) = l − 1.

Proof of Lemma 1.13: On the one hand, we know that det(A) = 0 since each row-sum
is 0, so rank(A) ≤ l−1; On the other hand, the first (l−1) columns vi’s of A are linearly
independent so rank(A) ≥ l − 1. Otherwise, there exist some non-trivial t1, . . . , tl−1

such that
∑l−1

i=1 tivi = 0, and we may assume tk = 1 for some k and all other ti ≤ 1.
Then, by looking at the k-th row we get

0 =

l−1∑
i=1

tiaki ≥
l−1∑
i=1

aki >

l∑
i=1

aki = 0,

contradiction! □

Finally, our proof is now complete. □

Remark 1.14 Equivalently, Theorem 1.12 states that there exist u1, . . . , ur ∈ UK, such
that every unit u ∈ UK can be uniquely represented as

u = wun1
1 u

n2
2 · · ·unr

r ,

where r = s + t − 1, w ∈ WK and ni ∈ Z, ∀ 1 ≤ i ≤ r. Such an r-tuple (u1, . . . , ur) is
called a system of fundamental units of K. Suppose L(ui) = (xi1, . . . , xi(r+1)), we
then put

r(u1, . . . , ur) := |det(xij)1≤i,j≤r|.
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One can check that r(u1, . . . , ur) is independent of the choice of a system of fundamental
units, so we call this constant the regulator of K, and denote it by r(K) instead.
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Chapter II

When Zeta Functions Meet Number Fields

In the first chapter, we recalled some algebraic and geometric aspects of number
fields. It turns out that analytic methods, which were first introduced by Dirichlet and
Riemann, also play an important role in many essential problems related to number
fields, and they provide a natural entry to the class field theory.

Let us now step along this direction by introducing the Dedekind zeta function
ζK(s) of a given number field K and discussing its analytic properties. We shall follow
much of section 5.1 and 5.2 of [BS86] and chapter 7 of [M18].

2.1 Introduction
2.1.1 The Dedekind zeta function ζK(s)
Analogous to the Riemann zeta function

ζ(s) =
∑
n≥1

1

ns
, Re(s) > 1,

one can associate a zeta function to an arbitrary number fieldK of degree n by summing
over all the ideals a of OK and replacing n by the norm of a, which is

ζK(s) :=
∑
a

1

N(a)s
, (2-1)

where we omit K from notations and simply write N(a) to denote the norm of a. This
is called the Dedekind zeta function of K. Similar to the Euler product

ζ(s) =
∏
p

(
1− 1

ps

)−1

, Re(s) > 1,

where p runs through all prime numbers, by Theorem 1.5 the Dedekind zeta function
ζk(s) can also be seen as an infinite product of all prime ideals of OK , i.e., formally we
can write1

ζK(s) =
∏
p

(
1− 1

N(p)s

)−1

. (2-2)

It is not hard to see that this product converges absolutely if Re(s) > 1, since every
prime ideal lies over at most n primes (Theorem 1.8). To be precise,∑

N(a)≤x

1

N(a)σ
≤
∑
p≤x

∑
a|pOK

1

N(a)σ
≤ n

∑
p≤x

p−σ ≤ n
∑
m≤x

m−σ,

1The Euler product can be understood as an infinite product of all (non-Archimedean) valuations on K as well,
which is (by Ostrowski’s theorem) in one-to-one correspondence between all prime ideals of OK .
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the last expression converges as x → ∞ when σ > 1. Where, by convention we write
s = σ+ iτ . In this case, the Euler product is indeed valid, and the proof is exactly the
same as that of the Riemann zeta function ζ(s). Moreover, ζK(s) has many analytic
properties similar to those of ζ(s):

1) ζK(s) admits an analytic continuation to the right half-plane Re(s) > (1−1/n)

that is holomorphic except for a simple pole at s = 1;
2) Suppose K has signature (s, t)1, then the residue of ζK(s) at s = 1 is given by

Ress=1ζK(s) = hκ, (2-3)

where h = |CK | is the class number of K and

κ =
2s+tπtr(K)

m
√

|d(K)|
(2-4)

is a constant which depends on many invariants of the field K, namely, the number m
of roots of unity in K, the discriminant d(K) and the regulator r(K).

3) * With notations as above, the “completed Dedekind zeta function” of K

ξK(s) =

(
|d(K)|
22qπn

)s/2

Γ(s/2)pΓ(s/2)qζK(s), (2-5)

where Γ(s) is the complex Gamma function, satisfies a functional equation

ξK(s) = C · ξK(1− s) (2-6)

for some constant C = C(K) ∈ C with |C| = 1. In particular, ξK(s) admits further
an analytic continuation to the whole complex plane that is holomorphic except for a
simple pole at s = 1.

We shall only prove 1) and 2) here via techniques from the geometry of numbers,
while omit the heavy computations of 3). To motivate our proof, let us now consider
the simplest imaginary quadratic field Q(i) as a first example.

2.1.2 A baby case: K = Q(i)
The field K = Q(i) has no real but two complex embeddings; its discriminant is

d(K) = −4; its number ring is the ring of Gaussian integers Z[i], which is a PID and
hence h = 1; its group of units UK has exactly 4 elements ±1,±i, i.e., UK = WK

∼=
Z/4Z, so its regulator r(K) = 1.

Now, compute that

ζK(s) =
∑
a

1

N(a)s

=
∑

(m+ni)/UK

1

(m2 + n2)s
(2-7)

=
1

4

∑
0 ̸=(m,n)∈Z2

1

(m2 + n2)s
, (2-8)

1Warning! I hope this notation is not too confusing, since s also stands for the complex variable in this chapter.
After all, it should be clear what we mean.
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so from (2-8) we also see ζK(s) converges (absolutely) iff Re(s) > 1 by Cauchy’s integral
test. On the other hand, set

D = {(x, y) ∈ R2 : x ≥ 0, y > 0, and (x, y) 6= 0},

then we can also view (2-7) as a summation over points on the lattice Λ = Z+Zi ⊂ L01

(see section 1.3.1) and in the cone D, i.e.,

ζK(s) =
∑

x∈Λ∩D

1

N(x)s
. (2-9)

To show that ζK(s) admits an analytic continuation to Re(s) > 1/2 and compute
its residue of at s = 1, we put Dn := #{(x ∈ Λ ∩D : N(x) = n}, so (2-9) becomes

ζK(s) =
∑
n≥1

Dn

ns
. (2-10)

Hence, we need to estimate symptotically the sum An =
∑n

k=1Dn, which is the number
of integral points in the quarter-circle region Tn = {x ∈ D : N(x) ≤ n}.

x

y

O

D

T (n)

Figure 2.1.1

Fortunately, this is closely related to the Gauss circle problem:

Theorem 2.1 (Gauss) Let C(r) be the number of integral points in the circle centered
at the origin with radius r, then

C(r) = πr2 + E(r), (2-11)

where |E(r)| ≤ 4
√
2πr.

Proof: Since the maximum distance between any two points in the unit square is
√
2,

all the unit squares intersecting the boundary of the circle are contained in the annulus
A(r) of width 2

√
2 with radii r +

√
2 and r −

√
2 So for any r >

√
2,

|E(r)| = |C(r)− πr2| ≤ S(A(r)) = π

((
r +

√
2
)2

−
(
r −

√
2
)2)

= 4
√
2πr,

where S(·) is the area of ·. □

Remark 2.2 If we write E(r) = O(rt), then clearly t ≤ 1 by Theorem 2.1. Hardy and
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Landau independently found a lower bound of |E(r)| in 1915 by showing that

|E(r)| 6= o
(
r1/2(log r)1/4

)
,

so t > 1/2. It is conjectured that the correct bound should be

|E(r)| = O(r1/2+ϵ)

for any ε > 0. Currently, the best bounds on t are
1

2
< t ≤ 517

824
≈ 0.6274,

where the the upper bound was proved by Bourgain and Watt in 2017 [BW17].

Theorem 2.1 yields An = (π/4)n+O(n1/2), so ζK(s) can be written as

ζK(s) =
∑
n≥1

π/4

ns
+
∑
n≥1

Dn − π/4

ns

=
π

4
ζ(s) + f(s), (2-12)

where f(s) is a Dirichlet series with coefficients an = Dn − π/4,
∑n

i=1 ai = O(n1/2),
and from general theory of Dirichlet series we know its abscissa of convergence is 1/2.
In particular, ζK(s) admits an analytic continuation to Re(s) > 1/2 and has a simple
pole that s = 1, of residue π/4.

We wish to generalize our argument for the case of Q(i) to any number field K.
However, there are two challenges: ideals of OK may not always be principal, so (2-7)
fails, and the unit group UK may be infinite, so (2-8) fails. We will see how to overcome
these difficulties in the next section, but the general strategy is as follows:

1) Break the Dedekind zeta function ζK(s) into several series (according to ideal
classes), so that each of them can be written in the form of (2-7).

2) Find a region D with “nice” properties, so that each series in 1) can be further
simplified into the form of (2-9).

3) Derive an asymptotic formula for the number of lattice points in D with norm
≤ x as x→ ∞;

4) Combine the results and play the same trick as that of (2-12).
We will make these ideas precise via the geometry of numbers in the next section

to prove 1) and 2) simultaneously.

2.2 The analytic class number formula
Let K be a number field of degree n, and suppose it has signature (s, t). By

Theorem 1.12, the group UK of units in OK is a direct product WK × VK , where WK

is a finite cyclic group and VK is free abelian of order s+ t− 1. If we denote the order
of WK by m, then WK = 〈ζm〉, where ζm = e2πi/m is an m-th root of unity.

As promised, we now prove that ζK(s) can be analytic continued to the right half-
plane Re(s) > (1 − 1/n) that is holomorphic except for a simple pole at s = 1, and
deduce an explicit formula for its residue formula at s = 1.
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The first step is to put ζK(s) in a form we can handle.

2.2.1 A more convenient form of fC(s)
In general, the class number h of K may not be 1 (h = 1 iff OK is a PID1), so one

cannot expect to write ζK(s) directly in the form (2-7). To simplify the situation, we
break the series (2-1) into the sum of h series

ζK(s) =
∑
C∈CK

∑
a∈C

1

N(a)s
, (2-13)

and consider

fC(s) :=
∑
a∈C

1

N(a)s

for each ideal class C. If all the fC(s)’s have our desired properties, then so does
ζK(s). Now, by Lemma 1.6 and Theorem 1.9 we fix an ideal b in C−1, then ab = (α) is
principal for any a in C. In other words, the mapping a 7→ (α) establishes a one-to-one
correspondence between ideals in C and principal ideals divisible by b. Since norm is
completely multiplicative (Corollary 1.7), we obtain that

fC(s) = N(b)s
∑
b|(α)

1

|N(α)|s
. (2-14)

Further note that elements α ∈ OK with b | (α) are exactly those elements in b (in
Dedekind domains, ideals a | b iff b ⊆ a), (2-14) becomes

fC(s) = N(b)s
∑

(α)/UK

α∈b

1

|N(α)|s
, (2-15)

where (α)/UK represents the class of associate numbers of α.
Now, we use the geometry of numbers to transfer (2-15) into a more convenient

form. Namely, under the map σ : K 7→ Ls,t (see (1-12)), b is a n-dimensional lattice Λ in
Ls,t, and we would like to find a fundamental domain2 of the quotient space σ(UK)\Ls,t

(like the cone D we constructed for Q(i)), which is characterized by following property:
For every class of non-zero associate numbers of the field K, there exists precisely one
number whose geometric representation in Ls,t lies in the fundamental domain. Given
such a fundamental domain (still denoted by D), (2-15) can now be written as

fC(s) = N(b)s
∑

x∈Λ∩D

1

|N(x)|s
, (2-16)

which allows us to study the analytic properties of fC(s) via the asymptotic behavior
of #{x ∈ Λ ∩D : N(x) ≤ x} as x→ ∞.

Hence, our next step is to construct explicitly a “canonical” fundamental domain
D, which turns out to always be a cone.

1In fact, OK is a PID iff it is a UFD, and one can check that Q(ζ23) is not a UFD, where ζ23 = e2πi/23.
2Pedantically, this is not exactly the fundamental domain of σ(UK)\Lp,q in the usual sense, since we will remove

all the points in Ls,t of norm 0.
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2.2.2 The fundamental domain D
Recall that the logarithm map L : K∗ → Rs+t (see (1-15)) induces a group homo-

morphism UK → Rs+t such that Ker(L) = Wk and Im(L) ∼= VK such that is a lattice of
dimension r = s+ t− 1. In addition, let (u1, . . . , ur) be a system of fundamental units
of K, then the vectors L(ui) = l(σ(ui)), 1 ≤ i ≤ r form a basis for the hyper-surface

H = {(x1, . . . , xs+t) ∈ Rs+t : x1 + · · ·+ xs+t = 0}.

Hence, if we put l∗ = (1, . . . , 1︸ ︷︷ ︸
s

; 2, . . . , 2︸ ︷︷ ︸
t

) and write li = l(σ(ui)), then (l∗, l1, . . . , lr) forms

a basis of Rs+t. In particular, for any x ∈ Ls,t with N(x) 6= 0, the vector l(x) ∈ Rs+t

can be written uniquely in the form

l(x) = y + y1l1 + · · ·+ yrlr (2-17)

for some real numbers y, y1, . . . , yr.

Theorem 2.3 The subset D ⊂ Ls,t consisting of all points x = (x1, . . . , xs+t) which
satisfy the following conditions

1) N(x) 6= 0;
2) 0 ≤ arg x1 < 2π/m;
3) In the representation (2-17) above, 0 ≤ yi < 1 for all i = 1, . . . , r,

forms a fundamental domain of σ(UK)\Ls,t.

In particular, if s ≥ 1 then K has a real embedding and thus m = 2, so condition
2) is nothing but x1 ≥ 0.

Lemma 2.4 For any x ∈ Ls,t with N(x) 6= 0, x has a unique representation in the
form

x = x′σ(u) (2-18)

for some x′ ∈ D and u ∈ UK.

Proof: To find such a representation, we write

l(x) = y + y1l1 + · · ·+ yrlr

for some real numbers y, y1, . . . , yr, and set ki = byic, y′i = yi − ki ∈ [0, 1). Then,

l(x) = yl∗ + y′1l1 + · · ·+ y′rlr + (k1l1 + · · · krlr)
= yl∗ + y′1l1 + · · ·+ y′rlr + l(σ(uk11 · · ·ukrr︸ ︷︷ ︸

:=ũ

)),

and thus l(xσ(ũ−1)) = yl∗ + y′1l1 + · · · + y′rlr for some 0 ≤ yi ≤ 1, i = 1, . . . , r. Let
x̃ := xσ(ũ−1), then it is left to rotate x̃ such that its first coordinate x1 has argument
0 ≤ arg < (2π/m), which can be done by multiplying ζ−k

m (ζm ∈ WK) for some k.
Hence, setting x′ := xσ(ũ−1ζ−k

m ) ∈ D, then x = x′σ(uζkm) is in the desired form.
If x allows two such representations x = x′

1σ(u1) = x′
2σ(u2), then

l(x′
1)− l(x′

2) = l(σ(u2))− l(σ(u1)).
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Since the σ(ui)’s are integral linear combinations of the vectors (l1, . . . , lr), this equality
is possible only when l(x′

1) = l(x′
2) and hence x′

1 = ζx′
2 for some m-th root of unity ζ,

but both x′
1 and x′

2 are in D, so ζ = 1 and the result follows. □

Proof of Theorem 2.3: For any α ∈ K∗, σ(α) = x ∈ Ls,t has norm N(x) = N(α) 6= 0,
so by Lemma 2.4 it has a unique representation in the form x′σ(u) for some x′ ∈ D and
u ∈ UK , so the number β = αu−1 is associate with α, whose geometric representation
is x′ ∈ D. The uniqueness of β follows from the uniqueness of (2-18). □

Remark 2.5 Note that for any k > 0,

l(kx) = (log k, . . . , log k; 2 log k, . . . , 2 log k) + l(x) = (log k)l∗ + l(x),

N(kx) = knN(x), and that arg(kx) = argx, if x ∈ D then so does kx. Hence, D is a
cone in Ls,t.

As an example, let us find the fundamental domainD for quadratic fields explicitly.
For imaginary quadratic fields, s = 0, t = 1 so D is relatively simple, given by

D = {x = x+ yi ∈ C∗ : 0 ≤ argx < 2π/m},

which looks like figure 2.1.1 (the case K = Q(i)); For real quadratic fields, s = 2, t = 0,
σ1 = id, σ2 = −id and r = s + t − 1 = 1. Let u be a fundamental unit, then we may
assume u > 1 since −u, 1/u,−1/u are also fundamental units. If x = (x1, x2) ∈ L2,0 =

R2, N(x) = x1x2 6= 0, then l(x) = (log |x1|, log |x2|). (2-17) now becomes

l(x) = y(1, 1) + y1(logu,− logu).

Namely, {
log |x1| = y + y1 logu,
log |x2| = y − y1 logu.

Hence, log |x1| = log |x2|+2y1 logu⇔ |x1| = |x2|u2y1 ⇔ |x2/x1| = u2y1. The fundamen-
tal domain D is shown in the following figure:

x1

x2

O

D

D

T (x)

T (x)

Figure 2.2.2

Let Tx := {x ∈ Λ∩D : N(x) ≤ x}, our third step now is to derive an asymptotic
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formula for the number D(x) of Λ-lattice points in Tx as x→ ∞. In fact, we will show
that

D(x) =
2s+tπtr(K)

mN(b)
√

|d(K)|
x+O(x1−

1
n ),

and hence deduce 1) and 2).

2.2.3 Asymptotic behavior of D(x)
Observe that Λ-lattice points are in one-to-one correspondence with (x−1/nΛ) =:

Λx-lattice points in T1 (we shall denote just by T below), and that if P is a fundamental
domain of Λ, then so is Px := x−1/nP of Λx. Then, the number D(x) of Λx-lattice points
in T is roughly the volume of T divided by the volume of the fundamental domain Px

of Λx, but with an error term of order1

O(1/S(Px)) = O((x
1
n )n−1) = O(x1−

1
n ),

where S(P (x)) is the surface area of Px. Namely,

D(x) =
V (T1)

V (Px)
+O(x1−

1
n ). (2-19)

Since we have seen in (1-13) that

V (Px) = x−12−tN(b)
√

|d(K)|, (2-20)

it suffices to compute the volume of T1. We will first show that T1 is bounded, and
then replace it with another set defined by simpler conditions to show its volume exists
and actually compute it.

To see that T1 is bounded, first note that in every ray contained in the cone X,
there exists precisely one point x with N(x) = 1. Denote the set of all such points by
S, then

T1 = {tx : x ∈ S, 0 ≤ t ≤ 1}.

Now, for any x ∈ Ls,t with non-zero norm, on the left hand side of (2-17), the sum of
components of this vector is log |N(x)|, while on the right hand side it is (s+2t)y = ny

since the norm of a unit is ±1. Hence, ny = log |N(x)| and (2-17) becomes

l(x) =
log |N(x)|

n
l∗ + y1l1 + · · ·+ yrlr. (2-21)

If x ∈ S, then log |N(x)| = 0, so l(x) = y1l1 + · · ·+ yrlr for some yi’s with 0 ≤ yi < 1,
i = 1, . . . , r. In particular, the components of l(x) are bounded, and by the definition
of l (1-15) we conclude that T1 is bounded.

Notice that for any unit u ∈ UK , the linear map on Ls,t given by x 7→ σ(u)x is
order preserving because the determinant of this transformation (w.r.t. the standard
basis) is N(σ(u)) = ±1. It follows that for each 0 ≤ k ≤ m − 1, the set ζkmT1 has the
same volume as that of T1 (provided it exists). These ζkmT1’s are pairwise disjoint, and

1Think of approximating the volume (assume it exists) of T1 via the Riemann sum D(x)V (Px) as x → ∞, then
D(x) is roughly V (Px)/V (T1), and the error comes from Λx-lattice points on the surface of T1.
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their union ∪m−1
k=0 ζ

k
mT1 consists of all points x ∈ Ls,t for which

1) 0 < N(x) ≤ 1;
2) the coefficients of l(x) in (2-21) satisfy 0 ≤ yi < 1 for all i = 1, . . . , r.

For instance, if K is an imaginary quadratic field, then the set ∪m−1
k=0 ζ

k
mT1 consists of

all the four curved triangles shown in figure 2.2.2. Let

T = {x = (x1, . . . , xs+t) ∈ ∪m−1
k=0 ζ

k
mT1 : xi > 0, 1 ≤ i ≤ s},

we now show that T has non-zero volume v, and thus T has a well-defined volume,
given by 2sv/m. To do this, we introduce a “polar coordinate system” in Ls,t.

Denote the i-th coordinate of l(x) by li(x), then (2-21) yields a system of equations

li(x) =
ei
n
log |N(x)|+

r∑
j=1

yjli(uj), 1 ≤ i ≤ s+ t,

where ei = 1 if 1 ≤ i ≤ s and ei = 2 if s+ 1 ≤ i ≤ t. Write{
xj = ρj, 1 ≤ j ≤ s,

xs+k = ρs+ke
iφk , 1 ≤ k ≤ t

,

i.e, for each 1 ≤ k ≤ t, we set xs+k = zk +wki, where zk = ρs+k cosϕk, wk = ρs+k sinϕk.
Then, the Jacobian of this change of variables is given by ρs+1 · · · ρs+t, and the set T
is given by the conditions

1) ρi > 0, 1 ≤ i ≤ s+ t, and 0 <
∏s+t

i=1 ρ
ei
i ≤ 1;

2) In the equations

log ρeii =
ei
n
log

(
s+t∏
i=1

ρeii

)
+

n∑
j=1

yjli(uj),

the coefficients satisfy 0 ≤ yj < 1, for all j = 1, . . . , r.

To further simplify 1) and 2) above, we replace the ρi’s by another set of variables
η, η1, . . . , ηr via the following formulas.

log ρeii =
ei
n
log η +

r∑
j=1

ηjli(uj), 1 ≤ i ≤ s+ t.

Note that
∑s+t

i=1 ei = n and
∑s+t

i=1 li(uj) = 0 for all j, adding these equations up yields

η =

s+t∑
i=1

ρeii .

The conditions on T now reduce to

0 < η ≤ 1, 0 ≤ ηi < 1, 1 ≤ i ≤ r,

and there is no doubt that the volume v of T exists. Compute that

∂ρi
∂η

=
ρi
nη
,

∂ρi
∂ηj

=
ρi
ei
li(uj),
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one can compute the absolute value of the Jacobian of this transformation to be

|J | = r(K)

2tρs+1 · · · ρs+t

,

where r(K) is the regulator of K. Finally, we are ready to compute v:

v =

∫
T

dx1 . . . dxsdz1dw1 · · · dztdwt

=

∫
T

ρs+1 · · · ρs+tdρ1 . . . dρs+tdϕ1 · · ·ϕt

= (2π)t
∫

· · ·
∫
ρs+1 · · · ρs+tdρ1 . . . dρs+t

= (2π)t
∫

· · ·
∫

|J |ρs+1 · · · ρs+tdηdη1 . . . dηr

= (2π)t
∫ 1

0

dη

∫ 1

0

dη1 · · ·
∫ 1

0

dηr

= πtr(K).

Putting everything together, we obtain that:

Theorem 2.6 With notations as above,

D(x) =
κ

N(b)
x+O(x1−

1
n ),

where

κ =
2s+tπtr(K)

m
√

|d(K)|
.

By (2-16), we can write

fC(s) = N(b)s
∑
k≥1

Dk

ks
Re(s) > 1,

where Dk = {x ∈ Λ ∩D : N(x) = t} satisfies Ak =
∑k

l=1Dl = κt/N(b) +O(k1−1/n).
Hence, by the same trick as that of (2-12), we see that fC(s) allows an analytic

continuation to Re(s) > 1 − 1/n, it is holomorphic except for a simple pole at s = 1.
Moreover, the residue of fC(s) at s = 1 is given by ress=1fC(s) = κ. Recall (2-13), we
finally obtain 1) and 2).

In the next section, we shall take a further look at our favorite cases – the quadratic
and cyclotomic fields, to obtain an explicit expression of the residue of ζK(s) at s = 1,
which is the so-called Dirichlet Class Number Formula. More generally, we would
expect an explicit expression of ζK(s) for Abelian number fields since they are always
contained in cyclotomic fields by the Kronecker–Weber Theorem (Theorem 1.4).

2.3 Abelian number fields
So far, we have shown that for a number field K of signature (s, t) (n = s+2t), its

Dedekind zeta function ζK(s) admits an analytic continuation to the right half-plane
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Re(s) > (1− 1/n) that is holomorphic except for a simple pole at s = 1, and that we
have the following residue formula

Ress=1ζK(s) = h
2s+tπtr(K)

m
√

|d(K)|
.

In the right hand side, the signature (s, t), the discriminant d(K), and the number
m of roots of unity in K are (usually) relatively easy to compute, while the same is
not true for the regulator r(K). Hence, we would expect a better expression for the
left hand side. Gauss derived a simple formula of ζK(s) for quadratic fields, and later
Kummer for cyclotomic fields, when he studied Fermat’s Last Theorem. After 1930s,
Hasse generalized these result to Abelian number fields, and studied elaborately many
related problems in his book On the Class Number of Abelian Number Fields.

In this section, we shall proceed in a different order from these historical develop-
ments: We start with cyclotomic fields and analogize the result to derive a nice formula
for quadratic fields. After that, we sketch the idea for general Abelian number fields.

2.3.1 Cyclotomic fields
Let K = Q(ζm), ζm = e2πi/m (m ≥ 3), be a cyclotomic field, then [K : Q] = ϕ(m),

and Gal(K/Q) ∼= Z×
m. In particular, K is Abelian. From 2) in the end of section 1.1,

one computes that

d(K) = (−1)φ(m)/2mφ(m)/
∏
p|m

pφ(m)/p−1,

so primes of Z which are ramified in K are exactly the prime factors of m. Also, recall
how each prime p ∈ Z splits in K from 2) in section 1.2, let rp denote the number of
prime ideals lying over p and fp be the inertial degree of p, then fp is the order of p in
the multiplicative group Z×

m, so

ζK(s) =
∏
p

(
1− 1

pfps

)−rp

, Re(s) > 1. (2-22)

These facts hint us that ζK(s) might be expressed as a product of Dirichlet L-function
L(s, χ)’s with perhaps some extra factors, where χ runs through all Dirichlet characters
mod m (group homomorphisms from1 Z×

m to S1). The key observation is as follows:

Lemma 2.7 For each p - m, we have∏
χ∈Ẑ×

m

(
1− χ(p)

ps

)
=

(
1− 1

pfps

)rp

, (2-23)

where Ẑ×
m is the dual group of Z×

m, consisting of all Dirichlet characters mod m.

Proof: Consider the map vp : χ 7→ χ(p), which induces a group homomorphism ϕp :

Ẑ×
m → S1. The kernel of ϕp is given by {χ ∈ Ẑ×

m : χ(p) = 1} = Ẑ×
m/〈p〉, where · denotes

the image of · under the reduction mod m map, so |Ker(ϕp)| = ϕ(m)/fp = rp, and
1Given a Dirichlet character χ mod m, we can extended it naturally to a function Z → C by setting χ(a) = 0

whenever (a,m) > 1. We shall not bother to distinguish these two.
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hence |Im(ϕp)| = fp. In particular, χ(p) runs through all the fp-th roots of unity, and
takes each value of them exactly rp times since ϕp is a homomorphism.

Now, note that the roots of the polynomial xfp−(1/pfps) are precisely the χ(p)/ps’s,
where χ(p) runs through all the fp-th roots of unity. Hence, factoring this polynomial
into linear factors, setting x = 1, and then raising both sides to the rp’s power gives
the desired result. □

Lemma 2.7 and (2-22) yields

ζK(s) =
∏
p|m

(
1− 1

pfps

)−rp ∏
χ∈Ẑ×

m

L(s, χ), Re(s) > 1, (2-24)

where

L(s, χ) =
∑
n≥1

χ(n)

ns
=
∏
p

(
1− χ(p)

ps

)−1

is called a Dirichlet L-function. It has an Euler product as above since χ is completely
multiplicative.

Note that for the principal character χ = χ0 (the trivial group homomorphism),

L(s, χ0) =
∏
p|m

(
1− 1

ps

)
ζ(s),

we obtain that

ζK(s)

ζ(s)
=
∏
p|m

(
1− 1

ps

)(
1− 1

pfps

)−rp ∏
χ∈Ẑ×

m
χ ̸=χ0

L(s, χ), Re(s) > 1. (2-25)

For non-principal characters, L(s, χ) converges to a holomorphic function on the right
half-plane Re(s) > 0 since

∑n
k=1 χ(k) = O(1), so taking the limit at s = 1 yields:

Theorem 2.8 Keeping notations as above,

hκ =
∏
p|m

(
1− 1

p

)(
1− 1

pfp

)−rp ∏
χ∈Ẑ×

m
χ ̸=χ0

L(1, χ). (2-26)

Hence, the problem now is reduced to derive an explicit formula for L(1, χ) for
non-principal characters mod m.

Theorem 2.9 Let χ be a non-principal character mod m (so m ≥ 3), then

L(1, χ) = − 1

m

m−1∑
k=1

τk(χ) log
(
1− ζ−k

m

)
, (2-27)

where τk(χ) is the Gauss sum

τk(χ) =
∑
a∈Z×

m

χ(a)ζakm .
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Proof: Let s be in the right half-plane Re(s) > 1. Since L(s, χ) converges absolutely
here, we are free to interchange the order of summation. Compute that

L(s, χ) =
∑
a∈Z×

m

χ(a)
∑
n≥1
n=a

1

ns

=
∑
a∈Z×

m

χ(a)
∑
n≥1

(
1

m

m∑
k=1

ζ(a−n)k
m

)
1

ns

=
1

m

m∑
k=1

τk(χ)
∑
n≥1

ζ−nk
m

ns
,

and note that τm(χ) =
∑

a∈Z×
m
χ(a) = 0 since χ is non-principal, it suffices to deal with

the Dirichlet series

fk(s) :=
∑
n≥1

ζ−nk
m

ns
,

where 1 ≤ k ≤ m− 1. Since
∑n

i=1 ζ
−nk
m = O(1), each fk(s) converges to a holomorphic

function on the right half-plane Re(s) > 0. In particular, at s = 1 we see∑
n≥1

ζ−nk

n
= − log

(
1− ζkm

)
,

from which the theorem follows by taking the limit as s→ 1+ □

We can simplify the expression of L(1, χ) in (2-27) further. Indeed, if χ is induced
by some character χ′ mod d for some d | m (d < m), i.e., the following diagram

Z×
m S1

Z×
d

χ

π
χ′

commutes, where π is the reduction mod d map, then

L(1, χ) =
∏
p|m
p-d

(
1− χ′(p)

p

)
L(1, χ′).

Otherwise, we say that χ is a primitive character. Note that every Dirichlet character
is induced by a unique primitive character, it suffices to calculate L(1, χ) for primitive
characters, or equivalently, to understand τk(χ).

Lemma 2.10 Let χ be a primitive character mod m, then the Gauss sum

τk(χ) =

{
χ(k)τ(χ), (k,m) = 1;

0, (k,m) > 1.

Where, τ(χ) = τ1(χ) and · is the complex conjugation of ·.
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Proof: If (k,m) = 1, then

τ1(χ) =
∑
a∈Z×

m

χ(a)ζam =
∑
a∈Z×

m

χ(ak)ζakm = χ(k)
∑
a∈Z×

m

χ(a)ζakm ,

so τk(χ) = χ(k)τ1(χ).
If (k,m) > 1, then d := m/(k,m) < m. We first claim that there exists some b ∈ Z

such that (b,m) = 1, b ≡ 1 (mod d) and χ(b) 6= 1, and then play the same trick as in
the previous case:

τk(χ) =
∑
a∈Z×

m

χ(a)ζakm =
∑
a∈Z×

m

χ(ab)ζabkm = χ(b)
∑
a∈Z×

m

χ(a)ζakm = χ(b)τk(χ),

so τk(χ) = 0. Where, the third equality follows from the fact that b ≡ 1 (mod d).
To prove the claim, note that χ is not induced by any character mod d, so there

exist integers p, q such that (pq,m) = 1, p ≡ q (mod d) but χ(p) 6= χ(q). Now, pick
some b ∈ Z such that (b,m) = 1 and bp ≡ q (mod m), then

χ(q) = χ(bp) = χ(b)χ(p),

so χ(b) 6= 1, as desired. □

Lemma 2.11 With notations as above,

|τ(χ)| =
√
m.

Proof: Compute that

τ(χ)τ(χ) =
∑
a∈Z×

m

χ(a)ζam
∑
b∈Z×

m

χ(b)ζ−b
m

=
∑
a∈Z×

m

∑
b∈Z×

m

χ(ab−1)ζa−b
m

=
∑
c∈Z×

m

χ(c)
∑
b∈Z×

m

ζ(c−1)b
m . (?)

By Lemma 2.10 we see that for any (b,m) > 1,∑
c∈Z×

m

χ(c)ζ(c−1)b
m = ζ−b

m τb(χ) = 0.

Hence,

(?) =
∑
c∈Z×

m

χ(c)
∑
b∈Zm

ζ(c−1)b
m =

∑
b∈Zm

1 = m

because the inner sum vanishes whenever c 6= 1. We thus obtain that |τ(χ)| =
√
m. □

Now, we are ready to simplify (2-27) for primitive characters mod m, m ≥ 3: By
Lemma 2.10, compute that

L(1, χ) = −τ(χ)
m

∑
k∈Z×

m

χ(k) log
(
1− ζ−k

m

)
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= −χ(−1)τ(χ)

m

∑
k∈Z×

m

χ(k) log
(
1− ζkm

)
= −χ(−1)τ(χ)

m

∑
k∈Z×

m

χ(k)

[
log 2 + log sin

kπ

m
+

(
k

m
− 1

2

)
πi

]

= −χ(−1)τ(χ)

m

∑
k∈Z×

m

χ(k)

(
log sin

kπ

m
+
kπi

m

)
(??).

Replacing k by (m− k), we see that when χ is even (i.e., χ(−1) = 1),∑
k∈Z×

m

χ(k)k = 0;

and when χ is odd (i.e., χ(−1) = −1),∑
k∈Z×

m

χ(k) log sin
kπ

m
= 0.

so by Lemma 2.11 and after lengthy computations to simplify the sum
∑

k∈Z×
m
χ(k)k,

we finally obtain:

Theorem 2.12 For non-principal, primitive characters χ mod m,

|L(1, χ)| =



2√
m

∣∣∣∣∣ ∑
k∈Z×

m
k<m/2

χ(k) log sin
kπ

m

∣∣∣∣∣, if χ is even;

π

|2− χ(2)|
√
m

∣∣∣∣∣ ∑
k∈Z×

m
k<m/2

χ(k)

∣∣∣∣∣, if χ is odd.

Remark 2.13 We now have an explicit expression of the value of L(1, χ) for all prim-
itive, non-principal characters χ. Theorem 2.8 implies that all of these L(1, χ)’s are
non-zero, which is the key ingredient of the proof of Dirichlet’s theorem on arithmetic
progressions:

Theorem 2.14 (Dirichlet) For any two positive coprime integers a and m, the arith-
metic progression

a, a+m, a+ 2m, · · ·

contains infinitely many primes.

In fact, the real challenge there is to show that L(1, χ) 6= 0 for all primitive, quadratic
characters χ, and this can be done using only the Quadratic Class Number Formula,
which is the topic of our next subsection.

2.3.2 Quadratic fields
Let K = Q(

√
d), d square-free, be a quadratic field, then clearly K is Abelian.

Set m = |d(K)|, then m = |d| if d ≡ 1 (mod 4) and m = |4d| if d ≡ 2, 3 (mod 4). We
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have seen that a prime p ∈ Z is ramified iff p | m, and that otherwise, if p is odd, then
p totally splits iff

(
d
p

)
= 1, where

( ·
·

)
is the Legendre symbol, and if p = 2, then p

totally splits iff d ≡ 1 (mod 8).
Similar to cyclotomic fields (2-24), we would also expect to express ζK(s) in terms

of Dirichlet L-functions. And note that K ⊂ Q(ζm) by 2) in section 1.1, there should
be a close relation between these two zeta functions. So, we start by mimicking (2-23),
but this time there can only be two different characters appearing (since rpfp = 2 in
(2-22)), one is the principal character χ0. We now figure out what is the other desired
character χ, and in fact (2-23) leaves us with precisely one choice:

Extending the Legendre symbol multiplicatively1, we define

χ(n) :=

(
d

n

)
for odd positive integers n, and (if 2 - m)

χ(2) :=

(
2

d

)
.

χ can indeed be seen as a character mod m by the Quadratic Reciprocity Law, if we
set χ(n) = 0 whenever (m,n) > 1 and extend its definition multiplicatively. We shall
call χ the character of the quadratic field K2. Thus, parallel to Lemma 2.7, we have

Lemma 2.7′ For each p - m,(
1− χ0(p)

ps

)(
1− χ(p)

ps

)
=

(
1− 1

pfps

)rp

, (2-28)

where χ0 is the principal character mod m, χ is the character of K, rp is the number
of prime ideals lying over p, and fp is the inertial degree of p.

Therefore, (2-25) now reduces to

ζK(s) = ζ(s)L(s, χ), (2-29)

since p is ramified when p = m, so rp = fp = 1.

Remark 2.15 Just like the Euler product of ζK(s) being an analytic formulation of the
uniqueness of prime decomposition of ideals in OK, (2-29) turns out to be equivalent
to the Quadratic Reciprocity Law of Gauss.

Proof: We have shown that the Quadratic Reciprocity Law implies (2-29). Conversely,
suppose (2-29) holds for all quadratic fieldsK, where χ is some Dirichlet character mod
m. Let p, q be odd primes, and set p′ = (−1)(p−1)/2p. We now consider the quadratic
field K = Q(p′):

Note that p′ ≡ 1 (mod 4), m = |d(K)| = p. On the one hand, following the spirit
of (2-22), (2-29) yields

χ(q) =

(
p′

q

)
=

(
(−1)(p−1)/2p

q

)
;

1This is called the Jacobi symbol, written also
( ·
·

)
.
(
a
b

)
is defined for all a ∈ Z and for all b > 0 odd.

2This χ also has a special name – the Kronecker symbol.
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On the other hand, there is exactly one non-trivial quadratic character χ mod m (i.e.,
χ2 = id, or equivalently, χ is a group homomorphism Z×

m ↠ {±1}), given by

χ(n) :=
( n
m

)
,

since m = p is a prime and thus Z×
m is cyclic. Hence,(

q

p

)
=

(
(−1)(p−1)/2p

q

)
,

which is equivalent to the Quadratic Reciprocity Law. □

Lemma 2.16 The character χ defined above is primitive.

Proof: It suffices to show that for each prime p | m, there exists some n ∈ Z×
m such that

n ≡ 1 (mod m/p) and χ(n) = −1. We now verify this case by case. For convenience,
write |d| = 2rk, k odd, square-free and r = 0 or 1.

1) Let p | m be an odd prime, then (p, k/p) = 1. Let a be a quadratic non-residue
mod p, then by the Chinese Remainder Theorem we can find some positive integer n
such that 

n ≡ 1 (mod 8)

n ≡ 1 (mod k/p)
n ≡ a (mod p)

,

so noting that
(−1

b

)
= 1 iff b ≡ 1 (mod 4), the Quadratic Reciprocity Law yields

χ(n) =

(
d

n

)
=
(m
n

)
=
( n
m

)
=

(
n

p

)(
n

m/p

)
=

(
a

p

)(
1

m/p

)
= −1,

as desired.
2) For p = 2, then necessarily d ≡ 2 or 3 (mod 4), and m = 4|d|.
a) If d ≡ 2 (mod 4), then r = 1 and for any positive integer n satisfying{

n ≡ 1 (mod k)
n ≡ 5 (mod 8)

,

we have

χ(n) =

(
d

n

)
=

(
|d|
n

)
=

(
2k

n

)
=

(
2

n

)(
k

n

)
= (−1) · 1 = −1

since
(
2
b

)
= 1 iff b ≡ ±1 (mod 8).

b) If d ≡ 3 (mod 4), then r = 0 and similarly, for any positive integer n satisfying{
n ≡ 1 (mod k)
n ≡ 3 (mod 4)

,

χ(n) = −1 since when d > 0, then

χ(n) =

(
d

n

)
=

(
k

n

)
= (−1)

(n
k

)
= −1;
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and when d < 0, then

χ(n) =

(
d

n

)
=

(
−1

n

)(
k

n

)
= (−1) · 1 ·

(n
k

)
= −1.

In each case, we have constructed our desired n, so χ must be primitive. □

Thanks to Lemma 2.16, we can now mimic Theorem 2.8 and 2.12 to establish the
Quadratic Class Number Formula. Thanks to our hard work for cyclotomic fields, this
is not terribly hard any more.

Theorem 2.17 Keeping the notations as above, The number of ideal classes in OK is
given by1

h =



1

log(u)

∣∣∣∣ ∑
k∈Z×

m
k<m/2

χ(k) log sin
kπ

m

∣∣∣∣, if d > 0;

1

2− χ(2)

∣∣∣∣∣ ∑
k∈Z×

m
k<m/2

χ(k)

∣∣∣∣∣, if d < 0, d 6= −1,−3.

Where, u is the unique fundamental unit of OK which is strictly larger than 1.

Proof: Note that

κ =

{
2 log(u)/

√
m, if d > 0;

π/
√
m, if d < 0, d 6= −1,−3

,

it suffices to show that χ is even when d > 0 and odd when d < 0, which can be checked
directly case by case. □
Remark 2.18 From the discussions above, we have attached a special quadratic char-
acter χ to each quadratic field, which is primitive. Conversely, it turns out that every
primitive, quadratic character χ is uniquely given in this way. In particular, Theorem
2.17 actually tells us that L(1, χ) 6= 0 for every such χ, and from which Theorem 2.14
can be proved without much difficulty. This is Dirichlet’s original proof!

As an application, let us compute the class numbers of some quadratic fields:
1) When d = −2,

h =
1

2
|χ(1) + χ(3)| = 1;

2) When d = −5,

h =
1

2
|χ(1) + χ(3) + χ(7) + χ(9)| = 2;

3) When d = 2,

h =
1

log(1 +
√
2)

∣∣∣∣χ(1) log sin π8 + χ(3) log sin
3π

8

∣∣∣∣
1When d = −1 (resp. −3), there is an extra factor of 2 (resp. 3) in the denominator of the expression above,

since in this case WK = {±1,±i} (resp. {±1,±ζ3,±ζ23}), while WK = {±1} whenever d < −4.
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=
log
(
sin 3π

8
/ sin π

8

)
log(1 +

√
2)

<
log 3

log(1 +
√
2)
< 2,

so h must be 1.
2.3.3 The general case
Let K now be an arbitrary Abelian number field, then by the Kronecker–Weber

Theorem (Theorem 1.4) we see that K is always contained in a cyclotomic field Q(ζm).
Moreover, we may assume that primes of Z which are ramified in K are precisely the
prime divisors of m1. Note that

G := Gal(K/Q) ≤ Gal(Q(ζm)/Q) ∼= Z×
m,

the discussions above for cyclotomic and quadratic fields suggest us to view the dual
group Ĝ (the group of all group homomorphisms from G to S1) as a subgroup of Ẑ×

m,
and write ∏

χ∈Ĝ

(
1− χ(p)

ps

)
=

(
1− 1

pfps

)rp

. (2-30)

The proof is similar to that of Lemma 2.7. In particular, if K is a quadratic field then
there are exactly two elements in Ĝ. The identity element corresponds to the principal
character χ0, and the other one is the character χ of K we constructed just now.

Once we have obtained (2-30), everything else is the same as what we did for
cyclotomic fields, except that we are only concerned with characters in the subgroup
Ĝ instead of the whole group Ẑ×

m.

1This follows from the maximal and minimal conditions for decomposition and inertia fields.
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Chapter III

Some Hints at Class Field Theory

Different themes in number theory are leading us to class field theory, such as
distribution and density theorems for primes, reciprocity laws, and relations between
abelian extensions and ideal class groups. We have encountered with a bit of the first
two in the previous chapter, and we shall explore more of them under the help of the
third theme.

So, let us now take a first glimpse of this beautiful theory and see how analytic
methods contribute to it. Our discussions here owe much to section 5.C., 8.A. and
8.B. of chapter 2 of [C11], and chapter 8 of [M18].

3.1 Theorems of class field theory
Class field theory describes the abelian extensions of a number field in terms of

the arithmetic of the field itself. But before stating the general theorems of class field
theory, let us first study the special case of the Hilbert class field.

3.1.1 The Hilbert class field
The Hilbert class field ofK is defined in terms of the unramified Abelian extensions

of K. We have seen the notion of Abelian extensions (L/K is Abelian if it is Galois
and Gal(L/K) is Abelian). To define unramified extensions, we first need to discuss
the ramification of infinite primes.

Given a number field K, we shall (sometimes) call prime ideals of OK finite primes
to distinguish them from the infinite primes, which are determined by the embeddings
of K into C. A real infinite prime is identified with a real embedding σ : K ↪→ R,
while a complex infinite prime is identified with a pair of complex conjugate embeddings
σ, σ : K ↪→ C. For instance, the infinite prime of Q (σ = id) is unramified in Q(

√
2)

but ramified in Q(i).
Suppose L/K is an extension of number fields, we shall say an infinite prime σ of

K is ramified in L if σ is real but it has a complex extension to L, and that L/K is
unramified if it is unramified at all primes, finite or infinite.

While some number fields may allow unramified extensions of them of arbitrarily
high degree, the situation for unramified Abelian extensions is much nicer:

Theorem 3.1 Given a number field K, there is a finite Galois extension L of K such
that

1) L/K is an unramified Abelian extension;
2) Any unramified Abelian extension of K is contained in L.

This number field L is called the Hilbert class field of K, denoted by HK . We
shall prove its existence by class field theory later in section 3.1.2. Clearly, it is unique
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and the maximal unramified Abelian extension of K.
To see the power of the Hilbert class fieldHK ofK, recall the Artin symbol that we

introduced in section 1.2.3: Let L/K be a Galois extension of number fields, suppose
a prime p in OK is unramified in OL, and let q be a prime in OL lying over p, then we
set
(

L/K
q

)
to be the Frobenius automorphism of q over p. When L/K is Abelian, the

Artin symbol
(

L/K
q

)
depends only on the underlying prime p, so we can write

(
L/K
p

)
instead. Furthermore, if L/K is also unramified, then

(
L/K
q

)
is defined for all primes

p of OK . To exploit this, let us extend the Artin symbol multiplicatively: note that
any fractional ideal a ∈ IK has a unique prime decomposition

a =

s∏
i=1

pni
i , ni ∈ Z,

we set (
L/K

a

)
:=

s∏
i=1

(
L/K

pi

)ni

.

Then, the Artin symbol induces a homomorphism(
L/K

·

)
: IK → Gal(L/K) (3-1)

called the Artin map, which relates the Hilbert class field and the ideal class group
CK by the Artin Reciprocity Theorem for the Hilbert Class Field:

Theorem 3.2 Let HK be the Hilbert class field of a number field K, then the Artin
map

(
HK/K

·

)
is surjective, and its kernel is precisely the subgroup PK of principal

fractional ideals. Hence, the Artin map induces an isomorphism

CK
∼−→ Gal(HK/K). (3-2)

This theorem will follow from general results in section 3.1.2.
Applying Galois theory to Theorem 3.1 and 3.2, we obtain the Class Field Theory

for Unramified Abelian Extensions1, which illustrates that unramified Abelian exten-
sions of a number field K can be classified via intrinsic data of K.

Corollary 3.3 Given a number field K, there is a one-to-one correspondence between
unramified Abelian extensions L/K and subgroups H of the ideal class group CK.
Moreover, the Artin induces an isomorphism

CK/H
∼−→ Gal(L/K). (3-3)

Theorem 3.2 allows us to characterize the primes of K which split completely in
the Hilbert class field:

Corollary 3.4 Let HK be the Hilbert class field of a number field K, then a prime
ideal p of OK splits completely in L iff p is a principal ideal.

1If L/K is ramified, then the Artin map is not defined on all of IK , and this is one reason why general theorems
of class field theory are complicated to state.
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Proof: The prime p splits completely in L iff its Artin symbol
(

HK/K
p

)
= 1, which is

equivalent to p being principal by Theorem 3.2. □

Let us now work out a concrete example to get a taste of how the Artin symbol is
related to reciprocity laws. Consider K = Q(

√
−3) = Q(ζ3), where ζn = e2πi/n as usual,

and L = K( 3
√
2). L/K is Abelian since Gal(L/K) ∼= Z3. Notice that OK = Z[ζ3] is a

PID, every prime ideal p is of the form (π) for some prime π in OK . If π - 6, then π is
unramified in L. In this case,

(
L/K
π

)
is defined. To see explicitly which automorphism

it is, let q be a prime of OL lying over (π), compute that(
L/K

π

)
(

3
√
2) ≡ 3

√
2
N(π)

(mod q)

≡ 2(N(π)−1)/3 3
√
2 (mod q)

≡
(
2

π

)
3

3
√
2 (mod q). (3-4)

Where, we omit K from our notations of the norm N = NK/Q again, and
(
2
π

)
3
is the

3-rd power Legendre symbol, defined as the unique cube root of unity such that

2(N(π)−1)/3 ≡
(
2

π

)
3

(mod π). (3-5)

It is worth mentioning that(α
π

)
3
⇔ αN(π)−1)/3 ≡ 1 (mod π)

⇔ x3 ≡ α (mod π) has a solution in OK

since the unit group of any finite field is cyclic. This establishes the link between the
Legendre symbol and cubic residues. Moreover, we have:

Theorem 3.5 (Cubic Reciprocity Law) If π and θ are primary1 primes in Z[ζ3]
of unequal norm, then (

θ

π

)
3

=
(π
θ

)
3
. (3-6)

We will generalize the Legendre symbol to exploit more about reciprocity laws after
we state main theorems of class field theory, in section 3.1.3.

3.1.2 Class field theory: a classical formulation
We now present a classical formulation of class field theory. To begin with, we

introduce the notion of a modulus. Given a number field K, a modulus in K is a formal
product

m =
∏
p

pnp (3-7)

over all primes p of K, finite or infinite, and such that
1A prime α is called primary if α ≡ ±1 (mod 3). This restriction is a normalization analogous to that of p > 0

for ordinary primes.
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1) np ≥ 0, and only finitely many of them are non-zero;
2) np = 0 whenever p is a complex infinite prime;
3) np ≤ 1 whenever p is a real infinite prime.

We shall write m = m0m∞, where m0 is an ideal of OK and m∞ is a product of distinct
real infinite primes of K. When all the np’s are zero, we simply set m = 1.

Given a modulus m = m0m∞, the set IK(m) of all fractional ideals of OK relatively
prime to m0 forms a group. Let PK,1(m) be its subgroup generated by principal ideals
(α), where α ∈ OK satisfies

α ≡ 1 (mod m0)

and σ(α) > 0 for every real infinite prime σ dividing m∞. One can show that PK,1(m)

has finite index in IK(m). A subgroup H ≤ IK(m) is called a congruence subgroup if
it contains PK,1(m), and in this case, the quotient

IK(m)/H

is called a generalized ideal class group for m. For instance, when m = 1, we see that
PK,1(1) = PK is a congruence subgroup and thus CK = IK/PK is a generalized ideal
class group.

Similar to the case of Hilbert class field (Theorem 3.2), the idea of class field theory
is that generalized ideal class groups are the Galois groups of all Abelian extensions
of K, and the Artin map builds up a bridge between these two. To make this precise,
we now define the Artin map of an Abelian extension of K.

Suppose L/K is an Abelian extension of number field, and let m be a modulus
divisible by all primes ramified in L. Note that for any given a prime p not dividing
m, the Artin symbol

(
L/K
p

)
∈ Gal(L/K) is defined. Extending it by multiplicativity

gives us a group homomorphism

ΦL/K,m : IK(m) → Gal(L/K). (3-8)

We shall call ΦL/K,m the Artin map for L/K and m, and denote it simply by Φm when
L/K is clear.

Theorem 3.6 (Artin Reciprocity Theorem) Let L/K be an Abelian extension of
number fields, and let m be a modulus divisible by all primes of K ramified in L, finite
or infinite. Then:

1) The Artin map Φm is surjective;
2) If the exponents of the finite primes in m are sufficiently large, then Ker(Φm)

is a congruence subgroup, and the isomorphism

IK(m)/Ker(Φm) ∼= Gal(L/K)

shows that Gal(L/K) is a generalized ideal class group for the modulus m.

As an example, consider K = Q and L = Q(ζm), and let m be the modulus m∞,
where ∞ stands for the real infinite prime of Q. A direct computation shows that the
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Artin map

Φm : IK(m) ↠ Gal(Q(ζm)/Q) ∼= Z×
m

can be described as follows: for any (a/b) ∈ IQ(m), where (a/b) > 0 and (ab,m) = 1,

Φm

(a
b

)
= ab

−1 ∈ Z×
m, (3-9)

where · denotes the image of · under the reduction mod m map. In particular, we get

Ker(Φm) = PQ,1(m), (3-10)

which is an important observation for our treatment of the Kronecker–Weber Theorem
and the Quadratic Reciprocity Law later.

Remark 3.7 The modulus m for which Ker(Φm) is a congruence subgroup for m is
not unique. Indeed, if PK,1(m) ⊆ Ker(Φm), then for any m | n, it is not hard to see

PK,1(n) ⊆ Ker(Φn)

from the following commutative diagram:

IK(n) Gal(L/K)

IK(m)

Φn

Φm

Hence, Gal(L/K) is a generalized ideal class group for infinitely many moduli.

However, there is a canonical modulus that we would prefer:

Theorem 3.8 (Conductor Theorem) With notations as above, there is a modulus
f = f(L/K) such that

1) a prime (finite or infinite) of K is ramified in L iff it divides f, and
2) for any such a modulus m, Ker(Φm) is a congruence subgroup for m iff f | m.

This modulus f, determined uniquely by L/K, is called the conductor of the extension
L/K. For instance, the conductor for Q(ζm)/Q, m ≥ 3 is given by

f =

{
(m/2)∞, if 2 ‖ m,
m∞, otherwise.

Finally, we state the Existence Theorem, which asserts that every generalized ideal
class group is the Galois group of some Abelian extension L/K.

Theorem 3.9 (Existence Theorem) Given a number field K, let m be a modulus
of K, and let H be a congruence subgroup for m. Then, there exists a unique Abelian
extension L of K, all of whose ramified primes divide m, finite or infinite, such that
the Artin map

Φm : IK(m) → Gal(L/K)
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has kernel precisely H.

As promised, we now indicate two applications of class field theory, the Kronecker–
Weber Theorem and the existence of the Hilbert class field. A key ingredient in both
proofs is the following:

Corollary 3.10 Suppose L and M are Abelian extensions of K. Then L ⊆M iff there
is a modulus m, divisibly by all primes of K ramified in either L or M , such that

PK,1(m) ⊆ Ker(ΦM/K,m) ⊆ Ker(ΦL/K,m).

Proof: Assume first that L ⊆M , and let π : Gal(M/K) → Gal(L/K) be the restriction
map. Then, Theorem 3.6 and Remark 3.7 imply that there exists a modulus m such
that both Ker(ΦL/K,m) and Ker(ΦM/K,m) are congruence subgroups for m. Note that
ΦL/K,m = π ◦ ΦM/K,m, it is then clear that Ker(ΦM/K,m) ⊆ Ker(ΦL/K,m).

Conversely, assume m is a modulus with above properties. Then, the Artin map
ΦM/K,m : IK(m) → Gal(M/K) sends the subgroup Ker(ΦL/K,m) ≤ IK(m) to a subgroup
H ≤ Gal(M/K). H corresponds to an intermediate field K ⊆ L̃ ⊆M by Galois theory.
Applying the first part of our proof shows that Ker(ΦL̃/K,m) = Ker(ΦL/K,m), which is
possible only if L = L̃ ⊆M by the uniqueness part of Theorem 3.9. □

We are now ready to prove the Kronecker-Weber Theorem (Theorem 1.4).
Proof of Theorem 1.4: Suppose K is an Abelian number field. By the Artin reciprocity
theorem (Theorem 3.6), there is a modulus m such that PQ,1(m) ⊆ Ker(ΦK/Q)(m). We
may assume w.l.o.g. that m = m∞. From (3-10), we see that

PQ,1(m) = Ker(ΦQ(ζm)/Q,m) ⊆ Ker(ΦK/Q,m),

and thus K ⊆ Q(ζm) follows from Corollary 3.10. □

Next, let us discuss the Hilbert class field. Apply the Existence Theorem (Theorem
3.9) to the modulus m = 1 and the subgroup PK = PK,1(m), we see that there exists
a unique unramified Abelian extension L of K, such that the Artin map induces an
isomorphism

CK = IK/PK
∼−→ Gal(L/K).

L is the Hilbert class field of K. Indeed,

Theorem 3.11 The Hilbert class field L is the maximal unramified Abelian extension
of K.

Proof: Let M be any unramified Abelian extension of K. Then, 1) of the Conductor
Theorem (Theorem 3.8) tells us that the conductor f ofM/K must be 1, and 2) implies
that Ker(ΦM/K,1) is a congruence subgroup for the modulus 1. Hence,

PK = Ker(ΦL/K,1) ⊆ Ker(ΦM/K,1)

and by Corollary 3.10 we see that M ⊆ L. □

In particular, Theorem 3.1, 3.2 and Corollary 3.3 now follows immediately.
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Remark 3.12 By the Existence Theorem (Theorem 3.9), given any modulus m, there
exists a unique Abelian extension Km of K such that

PK,1(m) = Ker(ΦKm/K ,m).

Km is called the ray class field for the modulus m. This is a generalization of the
Hilbert class field since when m = 1, we see that Km is reduced to the Hilbert class field
HK. The computation in (3-9) (3-10) gives us another example: the cyclotomic field
Q(ζm) is the ray class field of Q for the modulus m∞.

In terms of ray class fields, the conduct f of an Abelian extension L/K of number
fields can be interpreted as the smallest modulus m for which L is contained in Km.

3.1.3 Reciprocity laws
Class field theory is the source of many reciprocity theorems. But let us focus on

some of them for the n-th power Legendre symbol
(

α
p

)
n
, as promised. To define this

symbol, let K be a number field containing the n-th root of unity ζn, and let p be a
prime of OK . Then, for any α ∈ OK coprime to p,

αN(p)−1 ≡ 1 (mod p),

which is a fancy version of Fermat’s Little Theorem. Suppose in addition that p is
coprime to n, then one can show (by general theory of finite fields) that n | N(p)− 1.
Hence, x = α(N(p)−1)/n is a solution to the congruence equation xn ≡ 1 (mod p), and
thus (ζn ∈ OK)

α(N(p)−1)/n ≡ 1, ζn, . . . , ζ
n−1
n (mod p)

since the ζ in’s are pairwise distinct modulo p. We then set
(

α
p

)
n
to be the unique n-th

root of unity such that

α(N(p)−1)/n ≡
(
α

p

)
n

(mod p). (3-11)

This is a generalization of all the Legendre symbols we have seen so far (the ordinary
one, and

(
α
π

)
3
in (3-5))! We can also extend

(
α
·

)
n
to ideals a of OK which are coprime

to n and α by multiplicativity, which induces a group homomorphism(α
·

)
n
: IK(m) → µn,

where m is a modulus divisible by every prime containing nα, and µn is the group of
n-th roots of unity.

Before proving two reciprocity theorems for the n-th power of Legendre symbol,
let us recap a fact from Galois theory: If K contains the n-th root of unity ζn, then
for any α ∈ K, the extension L = K( n

√
α)/K is Galois. Moreover, if σ ∈ Gal(L/K),

then σ( n
√
α) = ζ( n

√
α) for some n-th root of unity ζ, so Gal(L/K) ↪→ µn.

Theorem 3.13 (Weak Reciprocity Law) Let K be a number field containing ζn,
and let L = K( n

√
α) for some 0 6= α ∈ OK. Suppose that m is a modulus divisible by

all primes of K containing nα, and that Ker(ΦL/K,m) is a congruence subgroup for m.
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Then, the following diagram

IK(m) Gal(L/K)

µn

ΦL/K,m

(
α
·

)
n

commutes.

Proof: It suffices to show that(
L/K

p

)(
n
√
α
)
=

(
α

p

)
n

(
n
√
α
)
,

which is the same as our computation for the case n = 3 in the end of section 3.1.1. □

Let G be the image of the natural injection Gal(L/K) ↪→ µn, then the n-th power
Legendre symbol induces a surjective homomorphism(α

·

)
n
: IK(m)/PK,1(m) ↠ G ≤ µn.

Though the Weak Reciprocity Law merely asserts that
(
α
·

)
n
is a homomorphism, rather

than giving explicit formulas for computation (that is why it is called “weak”), it is
still powerful. For instance, let us use it to prove the Quadratic Reciprocity Law:

Let p, q be distinct odd primes, and set p′ = (−1)(p−1)/2p. Note that the quadratic
reciprocity law is equivalent to saying that (as we have used once in section 2.3.2)(

p′

q

)
=

(
p

q

)
,

our first step would be to study Q(
√
p′)/Q. We have seen that Q(

√
p′) ⊆ Q(ζp) (see 2)

of section 1.1), but let us give a different proof here:
Recall (3-10), Gal(Q(ζp)/Q) is a generalized ideal class group for the modulus p∞,

and thus the same is true for any subfield of Q(ζp) (by Corollary 3.10). In particular,
since Gal(Q(ζp)/Q) ∼= Z×

p is cyclic, there exists a unique quadratic subfield K ⊆ Q(ζp),
and Gal(K/Q) is a general ideal class group for p∞. Hence, p is the only finite prime
of Q that is ramified in K, so K = Q(

√
p′).

It follows that Ker
(
ΦQ(

√
p′)/Q,p∞

)
is a congruence subgroup for p∞, so the Weak

Reciprocity Law offers us a surjective homomorphism(
p′

·

)
: IQ(p∞)/PQ,1(p∞) ↠ {±1}.

However, the Artin map

ΦQ(ζp)/Q,p∞ : IQ(p∞) → Gal(Q(ζp)/Q), (a) 7→ a

induces an isomorphism

IQ(p∞)/PQ,1(p∞)
∼−→ Z×

p ,

39



The Class Number Formula and Beyond

so the Legendre symbol
(

p′

·

)
can be viewed as a non-trivial quadratic character, which

must coincide with
(

·
p

)
.

We now state the Strong Reciprocity Law for n-th power Legendre symbol. For
simplicity, if α, β ∈ OK , then we write

(
α
β

)
n
to denote

(
α
·

)
n
valued at the ideal (β),

when defined.

Theorem 3.14 (Strong reciprocity law) Let K be a number field containing ζn,
and let α, β ∈ OK be coprime to each other and both to n. Then(

α

β

)
n

(
β

α

)−1

n

=
∏
p|n∞

(
α, β

p

)
n

, (3-12)

where
(

α,β
p

)
n
is the n-th power Hilbert symbol and ∞ is the product of the real infinite

primes of K.

The n-th power Hilbert symbol
(

α,β
p

)
n
is defined using local class field theory of

the completion Kp of K at the prime p, so the precise definition is kindly omitted here,
since we did not develop any local methods. But let us apply the Strong Reciprocity
Law to the Cubic Reciprocity Law (Theorem 3.5) to get a feel of what is going on:
Consider K = Q(

√
−3) = Q(ζ3), and hence n = 3. The only prime of OK dividing 3 is

(1− ζ3) and thus (π
θ

)
3

(
θ

π

)−1

3

=

(
π, θ

1− ζ3

)
3

.

Therefore, the proof of the cubic reciprocity law is reduced to a purely local computa-
tion, which is not hard after establishing the properties of the Hilbert symbol.

3.2 The distribution of primes and its friends

We have met with several situations in which the primes of a number field are
mapped naturally into a finite abelian group. And it turns out that, in each case, they
are distributed uniformly (in a certain sense) among the members of the group. The
study of this problem by Kronecker, Frobenius, Čebotarev, et. al. set off another path
to class field theory. We will see how they are related and give some brief historical
notes on the developments of class field theory along this direction.

Our main references here are chapter 8 of [M18], section 8.B. of chapter 2 of [C11],
and Conrad’s notes on history of class field theory [C01].

3.2.1 Uniform distribution results in Abelian number fields
Consider the following maps:
1) Fix m ∈ N+, and send the primes p ∈ Z, p - m into Z×

m by taking its congruence
class mod m;

2) Let K be a number field, send the (finite) primes of K into the ideal class group
CK by taking its ideal class;
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3) Let L/K be an abelian extension of number fields, send the primes of K which
are unramified in L into the Galois group Gal(L/K) via the Artin map.

We have computed in (3-9) that 1) can be regarded as a special case of 3), in
which we take K = Q and L = Q(ζm). Moreover, Class field theory tells us that 2) is
also a special case of 3). Indeed, let HK be the Hilbert class field of K, then the Artin
map induces an isomorphism(

HK/K

·

)
: CK

∼−→ Gal(HK/K),

so take L = HK in 3) reduces to 2), which is far from obvious at first.
For convenience, we will first put 1) - 3) into a more abstract context and establish

general sufficient conditions of uniform distribution in finite abelian groups, and then
check that these conditions are satisfied case by case.

Let X be a countably infinite set and let G be a finite abelian group. Suppose we
are given a function Φ : X → G, and for each P ∈ X (we shall call it a “prime”) we
have assigned it a “norm” N(P ) > 1. Let Π be the free abelian semigroup generated
by X, then we can extend Φ(·) and N(·) to Π multiplicatively.

It is clear what X,G,Π and N(·),Φ(·) should be in 1) - 3). For instance, in 3),
X is the set of primes of which are unramified in L, G = Gal(L/K) and Π consists of
all moduli m not divisible by finite primes ramified in L and infinite primes, N(·) =
NK/Q(·) and Φ(·) is the Artin map.

Our next step is to form some Dirichlet-type series. We shall make a technical
assumption that ∑

P∈X

1

N(P )s
<∞, ∀s > 1 (3-13)

which assures that the series ∑
I∈Π

1

N(I)s

converges in the right half-plane Re(s) > 1. Moreover, it is not hard to see that∑
I∈Π

1

N(I)s
=
∏
P∈X

(
1− 1

N(P )s

)−1

when Re(s) > 1. Note that (3-13) is indeed valid in our three concrete examples since
for any number field K,

log ζK(s) =
∑
p

− log
(
1− 1

N(p)s

)
∼
∑
p

1

N(p)s
(3-14)

and our set X are always subsets of finite ideals of K.
Let χ be any character of G (i.e., group homomorphism G → S11), we define the

1Equivalently, χ is an irreducible representation of G. This point of view is important for Weber L-functions
and Artin L-functions.
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L-series of χ to be

L(s, χ) =
∑
I∈Π

χ(I)

N(I)s
, Re(s) > 1,

where χ(I) is defined as χ(Φ(I)). Again, it allows a product expression

L(s, χ) =
∏
P∈X

(
1− χ(P )

N(P )s

)−1

,Re(s) > 1.

For instance, in 1) the L(s, χ)’s are ordinary Dirichlet L-functions, in 2) L(s, 1) is the
Dedekind zeta function ζK and in 3) L(s, 1) is close to ζK .

Theorem 3.15 (Abstract Distribution Theorem) With notations as above, un-
der assumption (3-13), and assume further that all L(s, χ)’s have meromorphic exten-
sions in a neighborhood of s = 1 such that L(s, 1) has a pole at s = 1 which other
L(s, χ) have finite non-zero values at s = 1. Then, for each a ∈ G,∑

Φ(P )=a

1

N(P )s
− 1

|G|
∑
P∈X

1

N(P )s
(3-15)

has a finite limit as s→ 1+.

Remark 3.16 From the conditions of the Abstract Distribution Theorem, (3-15) im-
plies that

lim
s→1+

∑
Φ(P )=aN(P )−s∑
P∈X N(P )−s

=
1

|G|
. (3-16)

We say that the set S := {X ∈ P : Φ(P ) = a} has Dirichlet density 1/|G|. In our
examples 1) - 3) here, (3-16) has the following equivalent formulation that

lim
s→1+

∑
P∈S N(P )−s

− log(s− 1)
=

1

|G|
, (3-17)

since
∑

P∈X 1/N(P )s ∼ log ζK(s) ∼ (− log(s− 1)).

Proof of Theorem 3.15: Our proof is analogous to that of Theorem 2.9 in the sense
that similar stratgies are applied here. Fixing a ∈ G, and for Re(s) > 1, we have∑

χ∈Ĝ

χ
(
a−1
)∑
P∈X

χ(P )

N(P )s
=
∑
P∈X

∑
χ∈Ĝ χ(a

−1Φ(P ))

N(P )s

= |G|
∑

Φ(P )=a

1

N(P )s
.

Where, the first equality is justified by absolute convergence, and the second equality
follows from the orthogonal relations of characters (this can be also seen as a direct
corollary of the proof of Lemma 2.7). Hence,∑

P∈X

1

N(P )s
+
∑
χ ̸=1

χ(a−1)
∑
P∈X

χ(P )

N(P )s
= |G|

∑
ϕ(P )=a

1

N(P )s
.
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To complete the proof, we need to show that each of the series

M(s, χ) :=
∑
P∈X

χ(P )

N(P )s
, χ 6= 1,

has a finite limit as s→ 1+, which we proceed via exponential functions:
For any χ 6= 1, we know M(s, χ) is holomorphic on the right half-plane Re(s) > 1

by complex analysis1, so in particular, M(s, χ) is continuous to the right of s = 1.
Moreover, if f is any continuous complex-valued function defined on an interval (1, 1+
ε), then f(x) has a finite limit at s = 1 iff so is ef(x). Thus, it suffices to show that

eM(s,χ)

has a finite, non-zero limit as s→ 1+ for each χ 6= 1.
For Re(s) > 1, we have

eM(s,χ) =
∏
P∈X

ez(s,P ) = L(s, χ)
∏
P∈X

(
(1− z(s, P ))ez(s,P )

)
where

z(s, P ) =
χ(P )

N(P )s
.

By assumption, L(s, χ) has a finite, non-zero limit at s = 1, so it remains to prove the
same is true for the product at the right. If we write the product as∏

P∈X

(1− w(s, P ))

where

w(s, P ) = 1− (1− z(s, P ))ez(s,P ),

then it is equivalent2 to show that the sum∑
P

|w(s, P )|

converges uniformly in a neighborhood of s = 1. Claim: for each P ∈ X,

|w(s, P )| ⩽ B|z(s, P )|2

for all Re(s) > 0, where B is a constant independent of s and P . Our result will follow
from the claim since |z(s, P )| = N(P )−σ (s = σ + iτ), and by assumption∑

P

1

N(P )2σ

converges uniformly for σ ⩾ 1/2 + δ, ∀ δ > 0.
Finally, we prove the claim as follows: Fix s and P , and write w = w(s, P ), z =

1Let {fn} be a sequence of holomorphic functions on a region Ω ⊂ C. Suppose f is a complex function on C
such that fn converges uniformly to f on compact subsets of Ω, then f is holomorphic on Ω.

2The infinite product
∏

k≥1 zk of complex numbers converges absolutely iff
∑

k≥1 ∥zk − 1∥ < ∞.
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z(s, P ). Then, |z| < 1 and

w = 1− (1− z)ez.

To show that |w| ≤ B|z|2, consider the meromorphic function

g(z) =
1− (1− z)ez

z2
,

which is holomorphic on C since the numerator has a double zero at z = 0. In
particular, g(z) is continuous, and thus bounded on compact sets of C, so our claim
follows. □

Now, we are left to check that the conditions of the Abstract Distribution Theorem
(Theorem 3.15) are satisfied in 1) - 3).

The case 1) is what we have done to obtain the Dirichlet Class Number Formula
for cyclotomic fields (the proof of 2) of section 2.1.1, Theorem 2.8 and 2.12). Hence,
we now have a strong version of Dirichlet’s theorem on arithmetic progressions:

Theorem 2.14′ (Dirichlet) For any two positive coprime integers a and m, the set

{p ∈ Z prime : p ≡ a (mod m)}

has Dirichlet density 1/ϕ(m), where ϕ is the Euler totient function.

As aforementioned, the crucial step in the proof was showing that L(1, χ) 6= 0 for
non-principal characters, so we now examine this more closely. Instead of applying the
Class Number Formula, it is important to go back to Lemma 2.7. Taking the product
over all the primes p - m in (2-23) yields∏

χ∈Ẑ×
m

L(s, χ) =
∏
p-m

(
1− 1

pfps

)−rp

, Re(s) > 1, (3-18)

where we recall that fp is the order of p in Z×
m, and rp = ϕ(m)/fp. If L(s, χ) vanishes

at s = 1 for some χ 6= 1, then the left hand side of (3-18) would allow a holomorphic
continuation to the right half-plane Re(s) > 0, since that zero would cancel out the
simple pole of L(s, 1) at s = 1. Hence, the product on the right hand side would have
a finite limit as s→ 1+, s real. In particular, removing all factors with p 6≡ 1 (mod m)

(this is legal since when s > 1, all factors in the product are real numbers greater than
1), we see that

lim
s→1+

∏
p≡1 (mod m)

(
1− 1

ps

)−φ(m)

<∞. (3-19)

This contradicts with the following fact:

Theorem 3.17 Let L/K be a Galois extension of number fields. Then, the set of
primes of K which split completely in L, denoted by Spl(L/K), has Dirichlet density
1/[L : K].

Proof: Write A = Spl(L/K), and let B be the set of primes of L which lie over primes in
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A. Then, for each p ∈ A, there are [L : K] primes q ∈ B lying over p, and N(q) = N(p)

whenever q ∈ B, p ∈ A. Hence,

ζL,B(s) = ζ
[L:K]
K,A (s),

where we set [A] to be the semigroup generated by A and define

ζK,A(s) :=
∑
a∈[A]

1

N(a)−s
=
∏
p∈A

(
1− 1

N(p)−s

)−1

, Re(s)>1,

and similar for ζL,B(s). Note that B contains every prime q of L for which N(q) is
prime, except possibly for finitely many which are ramified over K,

ζL,B(s) ∼ ζL(s)

and thus B has Dirichlet density 1. It follows immediately that A has Dirichlet density
1/[L : K]. □

In particular, if we take K = Q and L = Q(ζm), then the set

{p ∈ Z prime : p ≡ 1 (mod m)}

has Dirichlet density 1/ϕ(m), contradicting (3-19).

We now generalize our alternative argument of 1) to 2) as well. Mimicking the
argument above, we are led to consider the product∏

χ∈Ĝ

L(s, χ) =
∏
p

(
1− 1

N(p)fps

)−rp

. (3-20)

From 2) of section 2.1.1, it is clear that L(s, 1) = ζK(s) has a simple pole at s = 1,
and each L(s, χ) (χ 6= 1) converges to a holomorphic function on the right half-plane
Re(s) > 1/[K : Q]. Thus, it suffices to show that L(1, χ) 6= 0 for χ 6= 1, which we prove
by contradiction analogously:

If any L(s, χ) vanishes at s = 1, then the product in the left hand side of (3-20)
extends to a holomorphic function on the right half-plane Re(s) > 1/[K : Q], and
similarly we would get

lim
s→1+

∏
p principal

(
1− 1

N(p)s

)−|G|

<∞.

Intuitively, this implies that there are very few principal primes. In particular, the
set of principal primes cannot have positive Dirichlet density. However, Theorem 3.17
tells us that the set of primes of K which split completely have positive Dirichlet
density, so we would have enough principal primes to reach a contradiction if we can
find an extension of K in which every prime splits completely is principal. But this
is what the Hilbert class field HK of K offers us for free (Corollary 3.4)! Moreover,
the isomorphism induced by the Artin map

(
HK/K

·

)
leads us to the special case of 3)

(when L = HK) as well.
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How to generalize our argument work to all cases of 3)? This is where class field
theory comes to rescue! Indeed, note that any abelian extension L of K is contained
in some ray class field Km of K for some modulus m (this follows from Remark 3.12),
it suffices to deal with the case where L = Km. This is not terribly hard since PK,1(m)

is the identity class of the ray class group CK(m) for the modulus m, which contains
enough primes in Km.

3.2.2 Some historical notes
In the last section, let us go for a hiking along the historical path of the motivations

and developments of class field theory. Our discussions here mainly follow section 1-6
of [C01]. Though far from complete, this will still be an exciting trip. As Grothendieck
once said1:

“And every science, when we understand it not as an instrument of power and
domination but as an adventure in knowledge pursued by our species across the ages,
is nothing but this harmony, more or less vast, more or less rich from one epoch to
another, which unfurls over the course of generations and centuries, by the delicate
counterpoint of all the themes appearing in turn, as if summoned from the void.”

How can one not get thrilled when he/she sees how these greatest minds, Kro-
necker, Weber, Hilbert, Takagi, Artin, et. al. built up the whole beautiful class field
theory, little by little from concrete problems?

In 1853, Kronecker announced that every Abelian number field lies in a cyclotomic
field, now known as the Kronecker–Weber Theorem (Theorem 1.4). However, his own
proof had difficulties with extensions of 2-power degree. The first accepted proof was
by Weber in 1886, but it also had an error at 2, which went not noticed until about 90
years later. Hilbert gave the first correct proof in 1896, in which he succeeded partly
because Q does not admit proper unramified Abelian extensions. This might lead his
interests to unramified extensions later.

Extending Abel’s work on Abelian extensions ofQ(i) (1829), Kronecker was able to
construct abelian extensions of imaginary quadratic fields via special values of elliptic
and modular functions. In a letter to Dedekind in 1880, he described his “Jugendtraum”
as the hope that every finite abelian extension of an imaginary quadratic field is
contained in one of the extensions he had found, which was proved later by T. Takagi
in his 1903 thesis.

An important case of Kronecker’s work uses the j-function: LetK be an imaginary
quadratic field, and write OK = Z + Zτ , where τ ∈ H (the upper half-plane). Then,
Kronecker proved that j(τ) is algebraic over K, K(j(τ))/K is Galois whose Galois
group is isomorphic to the ideal class group of K. Moreover, he observed that K(j(τ))

is unramified over K and every ideal of K becomes principal in it. Hilbert included
these properties into his general conjectures on Hilbert class fields.

In an 1880 paper, Kronecker set off another path to class field theory by studying
densities of primes and factorization of polynomials. Given a monic polynomial f ∈
Z[x], Kronecker considered the number np of roots of the reduction mod p of f (denoted

1Translated from his autobiography Récoltes et semailles: Réflexions et témoignage sur un passé de mathémati-
cien.
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by fp) as p varies:

Theorem 3.18 (Kronecker) If f has r irreducible factors in Z[x], then the average
value of np is r. More precisely,

lim
s→1+

∑
p npp

−s∑
p p

−s
= r.

As a corollary, we obtained a special case of Theorem 3.17:

Corollary 3.19 Let K/Q be a Galois extension. Then, the set of primes which split
completely in K has Dirichlet density 1/[K : Q].

Proof: Write K = Q(α) for some algebraic integer α, and let f(x) ∈ Z[x] be its minimal
polynomial. Note that the roots of f are polynomials in α with rational coefficients
(K/Q is Galois), if fp has a root, then it splits completely for all but at most finitely
many primes. In this case, np = deg f = [K : Q]. Let A be the set of primes p such
that np = [K : Q], then by Theorem 3.18 we see that

lim
s→1+

∑
p∈A 1p−s∑

p p
−s

=
1

[K : Q]
.

Hence, the result follows from the fact that expect for finitely many primes, fp splits
completely iff p splits completely in K1. □

Kronecker’s paper contained two influential conjectures on sets of primes. The
first one was about the density of the set of primes p such that fp has a fixed number
of roots np in Fp. In particular, if np = deg f then f splits completely and it reduces to
Theorem 3.19. Though he did not managed to prove the existence of these densities
in general, he conjectured that they exist and described some properties they should
have. The existence of these densities was first established by Frobenius:

Theorem 3.20 (Frobenius Density Theorem) Let L/K be a Galois extension of
number fields, and let σ ∈ G = Gal(L/K). Suppose σ has t elements in its division
(the collection of all elements of G which are conjugate to some σm with (m, |G|) = 1),
then the set S of primes of K which are divisible by a prime of L having Frobenius
automorphism in the division of σ has Dirichlet density t/|G|.

Proof: See for instance [J96] Chapter V, Theorem 5.2, p. 162-164. □

Corollary 3.21 Let f ∈ Z[x] be a monic and irreducible, then the set of primes p such
that fp has a given decomposition type n1, n2, . . . , nr has Dirichlet density t/|Gal(f)|,
where Gal(f) is the Galois group of f (i.e., the Galois group of the splitting field of
f), and

t = #{σ ∈ Gal(f) : σ has the cycle pattern n1, . . . , nr}.

Proof: Note that a permutation τ is in the division of σ iff it has the same cycle type
as σ, apply Theorem 3.20 to the case where K = Q and L is the splitting field of f . □

1This follows from the Dedekind–Kummer Theorem, which we use extensively in this subsection.
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Corollary 3.21 solves Kronecker’s first conjecture since the number of roots of
fp is measured by the number of 1’s appearing in the decomposition typer of fp. In
Frobenius’s work on this problem, he introduced the Frobenius element of a prime
ideal and conjectured what later became the Čebotarev density theorem:

Theorem 3.22 (Čebotarev Density Theorem) Let L be a Galois extension of K,
and let 〈σ〉 be the conjugate class of an element σ ∈ Gal(L/K). Then, the set

S =

{
p ∈ OK prime : p is unramified in L and

(
L/K

p

)
= 〈σ〉

}
has Dirichlet density |〈σ〉|/|Gal(L/K)| = |〈σ〉|/[L : K].

Proof: See for instance [J96] Chapter V, Theorem 10.4, p. 217-218. □

Kronecker’s second conjecture was that a Galois extension K of Q is characterized
by the set of primes in Q which split completely in K, which was proved by Bauer
(1903) for any Galois extensions of number fields.

Theorem 3.23 (Bauer) Let K be a number field, and suppose L1 and L2 are finite
Galois extensions of K. Then L1 ⊆ L2 iff Spl(L2/K) ⊆ Spl(L1/K). In particular,
L1 = L2 iff Spl(L1/K) = Spl(L2/K).

Though Bauer’s theorem tells that a Galois extension L/K of number fields is
determined by the set Spl(L/K) of primes in K which split completely in L, it does
not give us a way of describing the Spl(L/K). When L/K is Abelian, class field
theory give a simple criterion of finding Spl(L/K) in terms of generalized congruence
subgroups. (p ∈ Spl(L/K) iff p is in the Kernel of the Artin map!)

In 1897, Weber extended the concept of ideal class group to what we saw1 in the be-
ginning of section 3.1.2. For instance, whenK = Q and m = m, then IK(m)/PK,1(m) ∼=
Z×

m. Regarding the generalized ideal class group IK(m)/H (where H ≥ PK,1(m) is a
congruence subgroup) as a generalization of Z×

m, Weber considered the following ques-
tion analogous to Dirichlet’s theorem on arithmetic progressions (Theorem 2.14): Does
each coset of IK(m)/H contain infinitely many prime ideals? He adapted Dirichlet’s
method and formed the following L-function for characters ψ : IK(m)/H → S1

L(s, ψ) :=
∑

(a,m)=1

ψ(a)

N(a)s
=
∏
p-m

1

1− ψ(p)N(p)−s)
, Re(s) > 1.

It turns out that if ψ is non-trivial, then the series converges for Re(s) > 1− [K : Q], so
again it makes sense to talk about L(1, ψ). Based on the fact that L(1, ψ) 6= 0, Weber
proved that:

Theorem 3.24 (Weber) Let m be a modulus of K, and let H be a congruence
subgroup with modulus m. Assume that there is a Galois extension L/K such that
Spl(L/K) ⊆ H with at most finitely many exceptions. Then,

[IK(m) : H] ≤ [L : K].

1In fact, it is a slightly special case of our definition.
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If Spl(L/K) = H except for at most finitely many exceptions, then [IK(m) : H] = [L :

K] and there are infinitely many primes in each coset of IK(m)/H.

To complete Weber’s extension of Dirichlet’s theorem on arithmetic progressions,
the existence of class fields was needed. And based on analogies between number fields
and Riemann surfaces, Hilbert made conjectured that given a number field K, there
is a unique finite Galois extension HK of K such that

1) Gal(HK) ∼= CK (in particular, HK is Abelian);
2) HK/K is unramified, and every unramified Abelian extension of K is a subfield

of HK;
3) for any prime p of K, its inertial degree is the same as its order in CK;
4) every ideal of K is principal in HK.
As we have seen 1) and 2) is the statement of Theorem 3.1, and the rest follows

from the Artin Reciprocity Theorem (3.2).
Hilbert proved the existence of Hilbert class field when h(K) = 2 and [K : Q] = 2.

Hilbert’s student Furtwängler proved 1) and 2) in general in 1907, and 3) in 1911.
After Artin reduced the last part to a group-theoretic statement related to the iterated
Hilbert class field HHK

, he finally managed to prove 4) in 1930.
During the World War I, working in isolation, Takagi combined the work of

Furtwängler on the Hilbert class field and Fueter on abelian extensions of imaginary
quadratic fields to prove the existence of class fields in full generality. Takagi did not
prove the isomorphism

IK(m)/H → Gal(L/K)

by constructing an explicit isomorphism, but only obtained it indirectly.
It was Artin who established this canonical isomorphism (1927), the Artin map

(3-8). He proved the Artin Reciprocity Theorem (Theorem 3.6), which leads to many
applications, and we discussed some of them in section 3.1.2 and 3.1.3.

All of these had made our hiking along the path of class field theory a fascinating
journey!
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