











































































































The Ax Grothendieck Theorem
MainReference
I Jean Pierre Serre How to use finite fieldsforproblems

concerning
in finite fields

2 Terrace Tao Infinite fields finite fields and the
Ax Grothendieck theorem personal blog
3 Anand Pillay Modeltheory short article on Notices
of AMS

sometimes
algebraicstatementsoverfields ofchar Zero such

as I can bededucedfrom their positive char counterparts
such as ftp
fields of char 0 can

partiallymodel fields of
char 0

If a certain algebraic statement failed over say
thenthereshould be a Finitary algebraic obstruction
that witnesses this failure over

That Ax Grothendieck 19005 Let Xbe an alg variety
over an

alg
closed field k If a morphism f X is

If then it is Dj
Let's look at a special case first
Them If I en on is an ing polynomialmap then
P is big














































































































ProofVIA finitefields
Observations

Thetheorem IS trivial IN finitefield case
passfrom a finitefield F to its algebraicclosure F

People If I In E n is anTng polynomialmap then
ETS DIY ystrongversion
Pf By Hilbert'sNunstellensatz Suppose P In
F
n

Tsing but not surg Then fromTng of P we see thealg
system

1ha Ily i Ittfhasno son over E tg i n n I am a1g Identity
of theform

RHI Ely Il Qy Ixy
Ixy yg F cis

forsomerg Il some poly Qy En xFn In

Similarly lack of surg Means 7 Zo E Fn sit thealg
system

ELX Io
hasno son over F I an alga identity of the form

FLI Zo l o ELII I 12

forsomepoly E Fn Fn
FTXQj E Zo as above and let E be the subfield of

F generatedby F
all coefficients of E Qg E Zo then

E l F Js Fm Ite and our counterexampleE descendsfrom
F to E b














































































































Amuchquickerway V I
E F n Let E bethesubfield

of Fgeneratedby F an coefficientsofEand K then E
E En TSDIY SO I G E En CEn St Ria f D

Flowing from fields of char 70 to fields of char O
algebraic model theoretic approaches

AItigebraicapproad
Ef ofThm Since Is a1g Closed wemay

invoke the
NUHstewensatz as Defore and find witnesses in z for
someQ iZo B
Lett C be thesubfieldof a gemby

all the

coefficientsCHIEFEg zo E There are several
ways

to descend

E to a finite field eglSerres quotient the ring 2
to by a Max8 ideals

Using
ageneralmapping theorem of Van H Vu Melanie

N Wood Phillip M Wood Sketch
E has afinitetranscendencebasis ai s dm overQ1 By

the

primitiveet't thm E can beexpressed as ldi s tm BI
for some B ally over ldi sdm I p all thecoefficients C
are rational combinationsof di n Nm B Now

By rationalizing can ensure that thedenominators

of theexpressions of these coefficientsare in thering21Ed i dm

DividingB by somepowerof theproductof thesedenomt














































































































nators us all coefficients in C lie in Z di dm β
Z di an β E Z Tai an b 1feb f beingthe
minimal

polynomial of β
Hence 11 121 transfer to this ring

PTCR a largeprim
p andmap as am to random elts of Fp the image F of
f is often non degenerate so we can thenmap b to a rootof
this
image

in a finite extension ofFp Thisdescends
111 121 to a finite field as desired

Proof via model theory
Alertoultra products

Let x be a set a filter F on is a setof subsetsof
with the followingconditions
Fi 0 F F 0
Fa If A B E F then so is A NB
1731 If A E F B J A then B E F

Eg
X top space X F nbudsof in

X IN F A CX cofinite
A filter F on X is an ultrafilterTf A CX either A or

its complement is in F If X E X sit F A X A 3
then F is called aprincipal ultrafilter
Emk 111 A filter F is aprincipal ultrafilter Tff contains a

singleton an ultrafilter is principal Tff it contains a finite
set














































































































i
Originally fitters were inventedby H Cartan to define

themostgeneral form of limit in topology given a fitter F
on a top SpaceX an ett X E X is a limit of F T ft F o
sinbnds of X 3
Eg

X IR Xn new seq Tn IR F A C IR A
containsalmost all Xn's iexcept forfinitelymany 3 Then

F Is a filter on 113 d F Nas limit X E IR InIff Xn x

13I I p one can show X Ts opt every ultrafilter on

converges
candX is Hausdorff

Now let L be a language givena set I and let lui I C I
be a
family of L straw res with Ali I 0
If you

re notfamiliar with modeltheory just think offormat
L in our case to bethingsyou

need to give
a
gp

I
ring

I

ordered set I Str e
g I ring 3 I O t x 3

and L Str is a set which has suchthings
I

bet F be an ultrafilter on I thenthe Ultraproduct IfAli
Is the L Str defined as follows
lb tu TIMI If At 1 n where

MI IE I n l ni I IE I S E I E I MI NI E F u
E I I f E Ts a constantsymbol then

Em I l EMII I E I
where I I representsthe class of in It Ali modulo
3 If l I i n I lresp I f n I l Is a relation resp functionJ

symbol then














































































































Im classof 1Xi n xn E FfMi I
n

s it So I E I Xi I n Xn T E Inez E F

resp
fML EXi TXn f lX Il I I E I T I

Intuitively F corresponds
to sets containing almost all I E I

so a Din Ary
reln e will hold between x XI andy

YI Tf Xi EYj for almost all II LringIn our case I will bethe set P of all primes and for
each p E P Iup will be the alg closureFI of ftp
For another l not so interesting example if F

is

principalT e F A C I i Io E A 3 thenIII lui realizesMio

Hereesthekeyproperty wene edi
TIME to 5 I e L I LMII IE I and F as above For

any
L formula ax Xm and a CLip win we have a E

U l't ht Tff 9 I E I MI F U E F
I p T f T IS an L theory and Mi E T V I then we

have IT At f Y
F
In our case thereIs atheoryTACE of algebraicclosedfields

SO It follows that IfFtp Is automatically an
ACF More

interestingly
CTS of Ccharacteristic 0 If F is not

principal lTOsee this foreachp E P a field F Ts ofchar
p Iff F FUp Where 4pIS the formula i f X X x I But

Up holdsonly for 1Up ftp ptimes














































































































Weare finally ready to prove
Them

ProofofThem t II I Recall we haveshown thatThatholds

for X Ftp LPrep I by to
5 theorem above we see Them also

holds for our Ultraproduct C IIFtp Infectivity implies sur
jeCENTty canbeexpressedas a first orderformula Write
a finite set ofpolynomialS TN Nvariables degree E d In
multi index notation as

fi l k i a It
thenwe write

Und ta I l ta f l E Baixo Eazy a if
I

It y 7 I II Eat a d yFor all n d Yn d holds In finitefields Ftp andhenceTn C
So It sufficestoshow that C E E forwhich we borrowthe

following fact
Fact Alg Closedfields of char 0 are Tso Tfftheyhave
thesame

cardinalityOntheone hand
I Elp I ENo 2

No I

where is because we can construct an Injectivemap ffrom
IN N to O t V as follows let ACanI nem be a seq of Nat
numbers then we define

f A 1 I O O l I

Gocopies ai copies ascopies

Onthe otherhand we construct anInjectivemap














































































































IR Fp Ftp c

equalcard

bythe followingrecipe There exists a family filter of
maps ft P IN sit T IS EIR the set

p EP ft p Fs p
is finite for instance take foreach p a seq of rational
numbers

converging
to t i vote that Fp Tpn we seethat

1Fp1 101 so letup Fp be a bijection wehavethe
constructed afamilyofmapsg P Fp p up ft p
andhence a map

IR TFp IIFp
t gtiplip gtlplp

It is ing byconstruction
I Indeed byEMR11 at bi TNC

only if at bi
agree on an Infinite set but the set
p E P gtlp gsip

is finite I

Proof via complexanalysis Rudin'sproof
Now wegiveRudin

sproof which relies on someGalois

theory
and the top Str of

Lem Let a Emen f n en ing holo Then the
Jacobian of f is non degenerate T e det DFIE 40 ZER
Pf argumentofRosays Byinduction the

case n 1 is clear
see forinstance Propt1 P 206 207 of Stein'sbook














































































































Supposenow theclaim is provedfor n t andsupposebycontra
diction that detDfEos 0 for some Io EB Chim

Df Zo ET
Indeed If I 1E I JEN sit Fey fi EoI I 0 then whoa we

may
assume I J 1 andnormalize Zo flZo1 0 Then the

ma p h i E H Ifi iz Zz s Zn I TS NO10 With non de

generateJacobian at 0 and Is thus too invertible at 0 The

map to h Ts then now At 0 preserves the Zi word and
therefore descends to anTng Rolo map on a nbnd of theorigin
of

n
so its Jacobian Ts non degenerateby induction

hypothesis b
wehave shown that Df vanishes on the zero set

det Df 03 ifTfis non empty
which Is an analytic varietyof codTM I 1 In our case f Is
apolynomial SO IT Is an Atg variety

7 Thus f Ts toa
const on this variety which contradicts Tng D
Lori Ing hobo mapsfrom to are open

Proofof Them ITI I Let I Gn Gnbe apolynomial and let
Kbethe fieldgeneratedby

Q1andthecoefficients of E Denote
big c z Zn the extension of k by n

indeterminates

Zis n Zn andconsiderthesubfield k l E I E l C kC I I
TCLAIM K ElZh k lZ If not then 7 a non trivial auto

morphism 4 K IZ Kl EI that fixes RCILZ h I p a














































































































non trivial rational lover k combination Q IZI I E LEs of E St
Pl Q l E I l RCE i l E I E I Now mapZ to a randomcomplex
number in G which will almostsurely be transcendental over
K P can not be ing b vsince k lE IE I I K LE I rational fans Q.glE I lRy lE I
f Is in sit 2y Qg i ETEI I IRyl E IE l Wemay assume
that Qy Ryhave no commonfactors Thesegive us poly
Identities

Qg l I tell ZgRyl I IZ I I tJI p on the open set E lEnt C En the zero set of Ry Ts
contained in that ofOj Which Is Impossible So Rj 1 0 On
El GM Thus thepolynomials

Why I
R j o E

has no zeros constant We
may
thennormalize so that

Rg E 1 Thus we nowhave I El El El for somepoly
E whichimpliesthat we El Q tw I t te E R IEn I But
both he and RIE lien are polynomials they mustagreeon
all of n so E Is big I
RINK l I i Ger4 Is also a special case ofthe well known
invarianceofdomaintheorem
2 Rudin's proofshows also that the inverse of E Is again a

polynomial Thismay
be regarded as a smallstep toward the

T.ae ngectwre Tf I an an is aningPoly map
whoseJacobianTs a non Zero const then I Ts a poly

auto














































































































morphism of n

Write Pg Z leg then it suffices to show
K Wi s Wn I I k l Zi sZn wi s Wn I

If not 7 4 EGai F L E I F I 6 1Td Let E I 41 E then
I LE YLE LE I I I 161 I 77 E l I

where IF I
K is countable so there are onlycountablymanypolynomial

with coefficients in K TheUnionof their zero sets is

thus a countable union ofclosed sets without Interior hence
cannot cover on

Finally we remark that bothproofs I Il of Them can be

generalized withoutmuchdifficulty to obtain
Them

143 Elias M Stein and Rami ShakArchi Complexanalysis
Vol 2 Princeton University

Press 2010

I 53 Jean PierreRosary Injectiveholomorphicmappings
The AMs Monthly898 I 19827 587 588
I63 Walter Rudin Infectivepolynomialmaps areautomorphismsThe AMs Monthly 102 6 11995I i 540 543



























































































































































































































The weak Hilbert's Nullstallensatz states that
forany prime ideal

P C F Xi Xm

where m 1 F F is alg closed
there exists an elt

1 1 1 Xm Fm s t F 1 0 F E P We will

present a model theoreticproof of this result here
the key ingredient is
Them Let L 0 I be the language
of rings and TACE be the theory of alg.cl fieldsThen TACF hasquantifier elimination i e every
L formula is equivalent to a quantifier free one
To illustrate this let F be a model of TACE SO F
has a stir of A CF then the formula

4 a b c X axtbx t c 0

can be reduced to
x a 01 v b 0 V c 0

In general a L formula with some free variables is
an expression obtainedby finitelymany uses of the
following rules
i for terms tile tale in our case polynomials

till 0212 w coefficients in F
is a formula
II connectors p

and
v or negation impliesLi

quantifiers



So the Them aboveshows that any formula can
be reduced

to l F I 0 I U V Fm O V Fmt I 0 V Fn FO
Aer TACE Ts model complete L This holds forany

theory w
l quantifier elimination 1 Namely Tf Fr a

Fz are aleg
oh then

any
statement that holds for

F1 will hold for Fz and Vi ce vers8 we say sentence
ACFof char ps Tnmodeltheorycode TACfp Is complete Any statement

toholds
either for AIL alg ol fields or for ME
Rf Let F be an ACF of char p then F S Ftp

so a statement holds for F it holds forFtp and
the result follows II
Rink This is not true for the theory of fields e.gthe statement I X LX t i O is valid IN some

fields but not all
Now we are ready to prove

the weak Nullstellensatz

By Hilbert's Bas
Is Theorem p f n trConsiderk FraeL F Xi s Xm l P 7 and let IT be Its

alg
closure Clearly F

C K So

I I Lfi LI s 0 A l 52111 0 I A FRLIL 0 I
t vTew fr's as formulas

holdsTn F Tn K But Th K this Is clear we can

just take a l XT Im I where Ty is the Image
of Xi under

F EXi m Xm FEN n Xm Ip E Il


