The Aa - Grothendieck Theorem
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blems concerning TnfmnTie frelds.
[2]). Tarae VNV Ta. Infmite frelos. TinTe frelds, and the
Ax - GrothendiecR theorem.
[3]. Anand Pﬂlo%. Model thcorg

SomeiTngs algedraic staements pver f1elds of cher. Zefo. such
s €. con be' deduced from wheir postiive char. counierparts
such as Tp.

- I1 o certpin odgebrgie statement' faTled over (say) €,

then here showid’ be @ ™ mearéragebrmc obstruc’sTon *

thas “witnesses thTs foniure o V€.

|
Thm = (Ax = GrothendiecR , 1760s) Let X be an alg. varTet
over an alg, closed freld k. If a morphism ==X =X NTs
]11:3. ] TM“ Tt TS Qi&\

MGis 169R OF G Specio) case fTrst -
Tw: If P= ¢"—¢" Isan Tn&. ?olgnomml map. Then
Pis bi&



Proof via finite frelds
Observaxions -
-:)‘nw thearem, Ts wTvTad Tn TTnTie Tield case. -
- Poss fom a T field T to T5S algebraic closwe F =
P_rqy': If P F"—=F"Tsan Tnz. ?olgnomml map. vhen
P15 pig.
Pf- @ By HIbe's Mulistellensatz. Suwose Ps TP =

F'Ts Tg. = but 107 swrg. Then fom Thg. of P we sec The méf‘
sas'van

Py =Pyl s x#
has no soin. ovuer . => b'(?:n, -, n,N 3 an aig. Tdenmg
of the form
(P=Py1) s Qiixy) S(x5-y3)¢ (1)
for some r: 21, some }:Io% Q‘:a?"&x?" —ié{‘&?".
Smilorly . 16ck 6f s 3. means 3 Z0€TF . si.The alj.
Sas%m
PlX)=Zo
s N0 Soln. ou@rf. =7 d an al
(PO -Zp) * @qz
for some poly, R=TF" =F",
Fx _6!3.@3, 2o Gs above. and let E be the subficid of
T qeneroted by F & ol oefficients of P, Q3. R, Zo. then

EYIT Ts faVTte, and Owr counterexample P descends from
FTwR 5.

waﬂtg of vhe form

=] (2)



@ A much quicer waﬁ Vb EF" het E be the supfieid
of Fje D(L{ F & o cefficients B‘f Pamd b, then P:
E" stt& ,50 A G EE"CF .st.Piga=h. U

-3/’uoum fom felds ef char. 20 to frelds of char. O-
olgebraic U & model = theoreiic appraches.
A. Algebralc o,ppmach
Vef Tm' = SThee @ Ts al4. Closed, we may TovoRe tlie
an steliensasz as efore and N fTod meesszJ (1) £ (2) for
some Q3 . Zo. R.
ket QL) be the subfield ef € gen. ﬂ, ® & an vhe coeffi-

Cients C e{ P, @ 20, B. Therg arg souedral u/agfstv aesaeng.
E® o finte f1eld, Zj

O ( Serz ) quatiensVhe ring ZTC by & maat Tdeal ;

© usin jeneml MWZ? thegrem of Van H. Vu, ugloanie
M. Wood Ug “PnTip M. Wood. Skeioh:

E fhas (‘L‘fm‘w transcendencs basts o =, om over (. BJ the
PIinTilve elT thm , E con be expresded G5 @ (wi, ) ¥m, VB)
for some alg oier @i, > um), Ip.. all the wefflctents C
ore rational ~Combinazions of o~ wm, . NOw,

- By ragonai1zing ~~ con ensure that the denominators
afz e LXPrSsTOnS of whese aefficients ore Tn the m?
Z0u,. = om ]

= Dmamj B Dg some power of The Poduct of These deromi=




nators ~> ol efficients T C 1€ in ZLvi.~.dm. g
= Z 0o =0 @) = Z 00 and [0l 1 fby, bcmj the
mInimgd polynomiod of

Hence, (1) N & (2) traasfer @ 6hTs rIng. PICR @ 0r9€ Prike
P. OM MAP G >, om B0 random olvs 6f Fp', The Tmaji f of

T1s mnon-wjanzmw, S0 WZ Cah Bheh M@p b 10 & root of
this Tngge T o “firte extension of Fp. =2 TAIs descends
(i & =N to a finie field, as destred. Bk

Proot via model theor
= A detowr to ultre gyrodu@s =
het x be o sa. o TTlier F on X Ts a s oF subsets of X
wTth the following conditions -
(F1) W 6?4 ?# w )
() ITA.BEF.thenso Ts ANB
(F5) If A6EF. B DA, then BEF.
Eg * X twp spoce, 26 X, F =7 nbacds of 4 Tn X 3
e UX =N, F=TACX wfinTie 3
A filker Fon % Ts an wltrafTlter 7T Y AC X > ¢Tther A or
16s aomplemens Ts T F. If I €X, st F=TA:=x6A T3,
then F Ts calied a principal wltrafriter,
Rmr= \» A fTier F Ts @ principol uktraftier TFF conwins o
STnZlmon: an wurafilver Ts pincipal TTf T contans o Tinige
SO




(2) Origmadly, friters were Twented by H. Carten to define
the mosnggeﬂc rol form 9-F (TMTG Tn wfz i{tj ven a friterF
on Q 0p: SPAC X, an el x € X Ts a ITm OFZ‘F MtF o
?nbhds O'F 2.
E.g.. X=IR., (Xnpew %4. M IR, F=FTACIR A wn-
tmiu almosy ai xn's (&x ﬁwfmwelg many ) 4. Thea.,
Fisafriter on IR & F hos (M1 A€ IRV ~ |Tm xa =
3) I.p.. one can show= X Ts ¢pt < @uzrg un;raﬂlteron
X onwerges tand X 1S Hawsdor vt ).

Now N let L be a language, 4Tveh 6 &6 I aad et M3.7€T

beafamrlg of L -strawres” with M3 F O.

tormaal

ket F be an wivraftiter on I, then the ¥ wlbraproduc ‘IT/un
Ts the i str. defined Gs fouows =
h M= TY/u = M3 [ ~v. where

Lm )€1 ~Ln1);el < 1361z ms=n33 EF.
\2) If ¢ Ts o constont SZ{mbol , Then
tun = L cmidje1ls

Where L-J represents the class of = Tn T s modulo ~.
(3) It (L.no Lresp. (£.00)Ts 0 mla‘blon (resP function )
ngbol , Then



L =7 cless 6F (xi. ~.an) € lg;rlu-n“
st. $I€1% (3.~ %.3) ELus JET 3

(resp.
ful Tad, = Tandd) = [(Fanies 3

In owricﬁsig'?gl w1l e he s 1 of all primes. and for
eodh P € P, Mp will be the alg. Closure f-p of Fp.

For anosher (not 50 Thteres im ) example . it F s pring-
pol Te, F=1ACI:0ehld, tlwnTT M3 reaiiZes Mo,

g 1S the pmpm Wwe need :
Tlunk‘):.os)~ i, (Mvhﬁl. and °F os above. Tor

(lf L= formula @(x,, = Xn) and G E L'ﬁ' M3) ", we have 46
(R us) TFF P36 T M3 EWT EF.

IT\?.. Tf T s an L~ theory and MIE T, V i, Then we
hawe flq':F/u- =Y.

In owr case, the,nz TS 0 theory Tace ef algebraic closed frelds.
so0 Tt follows tlm‘lTF? Ts Y automasT an ACTF. More
mwmmgla CTs 9{“" *C cnoracrertswid 0 1€ F 1s nov
princrpa




We axe ﬂno,ng mad(zf 0 prove Th'

Pwof of Thim V' (1) Recall we hwe shown that Thin holds
for X =Ty (Pwp"), by L0S thegrem Goove we see Tn' oiso
holds for owr wismpmALIct C = :;,TTFp

S0, 1 suffces 0 show that C = €. for which we borrow the
fo uouumj fact —
Fact - Ala‘ Closed fields of chor. 0 are Tso. TH whey have
e sane cardinality.

Onthe one hand, N .
T Fp 12 s=iost =y
where =" Ts beaukse we can (NSIruCT an wjectu map f fion
™40 50,13 " 6s follows = 165 a=(Gndnew be @ sef~ of naz.
nunbers ., then we define

Ty =01, 1,0, ™, 0.1, 1, ™).

No

~———

= I e
0o COPIeS G Gop'es  0a copTes

On the other hand, we construct an f,nawmve map



Ay —_— = A e
C—=|R— 1|7\ ﬁ:? —> ;IIZ‘-FP-C
by the foliowT Z r@c‘npe*m‘rwz exTsts a famtly (fulier of
maps ft =P "= > @ 5% VI3 ER.™ The &
iPEP: frip =Tsipr
1s finige (for Thstance . ‘cake Tor €ach p a s 6f raxTonal
num bers wnwgm  F). NOwe $haz Fp = Y, Tt we sectio
(Fpi=1@1. 50 it vp: B — Fp e a baecmon we have then
constructed afamng of maps g+ - P—=TFp. P = Wiftip),
and hence o map e e
R —> »%,l—H:P —> ‘l(\__,FP
10 ta’ttpn? = L‘Lg-m%,]
T6 TS 3. by construction. ( Indeed, by RmR 1)) (63) =(b3) ThC
onl(lf 63V & b3 agme on an T_nfﬁala st » buy the seb
??éptgﬂp) :js(?ﬁ
is fmrte. ) 1.
Proof vTa. complex anaJSus LRudm s pwof )
Now we e Rudmn ¥'s proof Which reties on some Galots
thear: the wp. sir. of C.
A SN e Lwﬂo‘%"c f:n = €" 3. . hola. Theh, whe
Jacob:an of f Ts non :W. 1.¢., det DF(Z) F0. Y 2€n,
a«zwm@w of Ro |:b)]: By Tnduction , the case n =1 TS Clepr

iy
(see e stance O pop 1. 2 306-207 6% Stem's book™)



Sup?ose now the claim Ts poved, for n=1, and suppose by contra-
diction 5hot det Df (Z) = 0 for some 20 €2 Claim 'z
- Df(z) =0
Indeed. f 3 I§3,F<n. st = fuzm 30, Then WA0G we
assume 3=3 =| Gﬂd nonnalgze Zo =T(20) =0. Then, the
movp bz Z > (NilZ). Z2. > Zo ) TS M. wTth non=ce -
W Jacobtan g 0. 6ad TS thus 0. TawersTble b O. The
ap Toh™ Ts then noio. 05 0 & preserves the 2 Coord... aid
mreﬁre descends t om& holo. mep On & nondt of the Origin
of €". so T&s Jacoblon” TS non - M(?W“éf TR CETON
3?01#165\3 %. J
We e shown Bhot DT vanishes on the Zero sey
tdet Df=01, rfms non - em?éf
WRICh Ts Qn analgﬂo leag of codTm N
. Thus. T Ts loc.
Const; on TS varTey . WHTCH' contra dicss T d L.
Cor Ina nolo. maZPs from @ t € oz 0pen.

Proof of Thm " (T2 = ket P ¢" = €" be a polynomial . ond let
l< Detne freid g ® and the co@ﬁrgms of P. Lente
vT<(;z., Zn ) vne extension of K bg n Tndgterminates
Zia ™ . 20, ond constder she subfield K(PYV(2)) C k(Z).
Clain= K (P(2) = k(2).TIf not, ther 3 4 non-trTvial aio
morphism W= K(2) = k(&) thet faes R(PLZ)). I.p., 3 a



Non=wN1al roxional (over K) combmazion Q(2) IR(2Z) of Z st
Pl(zr/R(2)) =EL§)@ Now, m@p 2 o randdm compiex
number . €. which will almost swely be Transcendentod over
K =2 P can not be Tng. %

dince K(PLZ)) =K (Z), 3 (aonal fens &'Lg)/RQLE),
=l sm,.m:g: 83 (PL2) /E&(_Ptg)). We may assume
Thas &&, Eéf no common factors. These gn/e Us ?olg.
ToensTties

RilR(ZN =& EJ(_P@)), V3.
I.p.. on the set PIC™y C €", the 249 sat 0f R3 Ts
conteTned Tn that of Q% . whTch Ts TmpossTble. So R} $0on
PLE™.Thus. the polynomTals
RjaE

has no zerps => constant. We mag then normel12¢ SO that
R3: P=1. Thus, we now have 2 =Y QP (Z)) for some ?0'5
& WhTCh Tmplies that w= P(Q w). ¥ w EP(C"). But
both w and P(Q(w)) are polgnom‘uals, the(tf must ajree on
plef €". so P Ts bij. =l
Rmk = (1> Cor* Ts 0lso” o special case of the well-Rnown
mvarionce of domatn theorem.
(2) Rudm'’s poof shows also that the Taverse of P Ts again a
polynomTal. THTS mag be eqarded as G Smail Sigp Towond “uhe
Ja'cobian con&ea; we:"1f Pz €"—= C"1s an Tngf?()léf. map
whos¢ Jacobian Ts 6 noR=2Z&r0 const., Then £ Ts a polg. auD-




morphTs m of €.

0= Write P}LZ) = w3, then 1% sufficgs 0 show =
K, >, wn) = K (2, Za, W™, wa).
I now. 3PEGUF (EIF), #1d ket € & = €(E), then
PLZ) = @(EBLZ))=P(¥(22)=P(3),
where 3 ¥ 2.
@:= K Ts cowwable, SO there 0 only countob J j 'Pol?nomm\s
wTth Coefficients Tn K => The wiTon of theTr Z sebs TS
thus G countable unton ef closed sebs wTthowt TerTor. hence
con ngt Cover C°.

FTno,ll(»f, we remarR thet both proofs (I) & (I) of ‘Ln_r{z"can be
gm [1Zed withowti much drffrcumg to obwein Thn'.

[4]. ElTas M. S, and RamT ShaRerchl. (omplex analysTs.
Vol. 2. Princeton (nTuersTty Press. 20l

[5. Jean- Preme Rosay. ¢ Injecrve holomgrphic morppmg
The AMS monthly §1.8 uﬁz)-sm 588.

[63. Waiter Rudn. ™ JeciTve polynomTol maps wre Giao -
morpmsms. " The AMS Monrma [02.V6 (1775): 340~ 543,






The (weaR ) HIlbert’s Mullstalignsatz stotes that
Tor (uy prime oo
PGl A )

Whee M 21, F=F Ts Qiq. closed. there €XTStS an €lt
x=(x ) eFR st fixzo, ¥ 6P We wi
eSO 0 Wodel theoregic pwif of this reswv here
e INGRAIENVE 15 -

Thod: ket £ =T+, -, 0, 1 9 be the lagu
of rgs. and TacF be the theory of atj. cli fiids,
Then NTacr has quantifiar limNinggion! (7.¢..¢
L, —formula 1s M@Oﬁéﬂﬁ 0 G zwanﬂﬂ@r frze one.
To Tllustrage ghis, €1 T be 6 moogt o6f TACE (sp
has 6 Str, of ACT ). then the frmwia

Llpdiorss S aethire =0
con be reduced o
V: (a30) Vv (b30)v (Cc=0).
In general, o £ —frmwle with some free variabies Ts

o0 “ExPressIon obuatnea. fo finTeel 4 ron wses of me
following. ruses

(D) fordtems (v & o) <~ T 0Wr Case, po%nomrms

Ti) = t21Y) wl coefficients M F
1S 0 firmula 3 - S
£ ana NE404T10N IMPITE $
N e oh Dy T T

LV ) ztu,anﬂﬂas: 3, v



(or= TACF Ts model - comPpigte. ( TS holds fmuy
vheory w1 quansTfior ciminggTon) Namely, T Fi c
T2 Jor og. ol > Then oy Stavement vn(w holds for
Fi Wil hold “For F2 apgl VT 306 versa.

(or = TACFp T3 Complete. Amy STEEMERD 7 hylds
Lroher mr o) ag. ¢l. fieias Yor for po -

Pf: Let F b8 an ACF of char p. then F o Tp.
So o Svatement holds for F <> 1% poids fir Tp. and

the result llows. .
TITS TS NOT e 1Trr the t of fields. G.J,,
the  storemint =P (x*’+i1=0) valtd Th some

f1eids but ngt Gl.
Now. we e rady to pove TIE WEaR NUNSTEILNSaZ =
B H1bUt's BosVis Theorem. P = (fu. > fr). (Gone
K = Fuc (FLx. >~ xmd [P and b 1< De Tts
&la. closwe. Clearly T C K. So

5 V)
FXx (htxor=0) Atf21=0) — A (TRt )=0)

olds Tn F < T IK. BWw Tn K this Ts Clear. we can
(Tu,sv ToRe X = (%, >, %m ), wher X5 Ts the Tmaae
A3 whaer

Fla > amd — Fhwmmlipe R O



