
AdicSpaces

1) Recap : Huber pairs + affinoid adic spaces

2) definition of an adic space (structure sheaf ,
local rings) + properties

↓ mirrored in scheme theory
3) Morphisms of adic spaces ("adic" morphisms , finite type/proper/etale/smooth ...)

to max-spec
?

4) a quick survey : mimickingtare connected
mimicking models Hausdorftarstop-

schemes *

adia spaces vs formal schemes vs rigid analytic spaces vs Berkovich spaces
analytification

essentially all try to mimic schemes)->(complex analytic spaces)over $
GAGA

1) Recap : Let k be a

Def : A Huber ring is a topological ring A with

- AoEA open subring C'ring of definition")
- If As ideal L"ideal of definition")

such that

- the topology onAo is the I-adic topology
- the ideal I is finitely generated

Examples : Ap
, KpKND ,

K(T) ("Tate ring")
(p,

w)-adic Y (u)-adictop.

top.

A : power bounded elements

100 : topologically nilpotent elements

Def : A Huber oair (A ,At) is a Hubering A later - A often&
with a subring At[A" , open and integrally closed
in A

.

Examples : (Qp , (p) , (TLp(WD , <LpRwTl) ,
(k<+)

,
KYTY)

Def: Adic spectrum

Spa(A ,
At) = (x =Cant(A) 1 (f(x)11 FfEATY

cont. valuations

Support map :

supp : Spr(A) (:= Cont(Adisc) -> SpecA
X -> f (A ((x(f)) = 0]



Important
Example: closed mit disk Spa (Kp(T) , Oc(T)) =(x(Cant((p(t)) /(T()(21]

(p-adic)
type classical

name supp(X) ↑
x Ax/Mx closed?

1 XX (T-x) Q closedincosive
2 Gaussints Xx ,w(rep) 20]

P
Q H non-closed
P

3 Xa
, r(r(pa) [03 parcRY #p closed

XD
.

(nDi =0) Q
TL

closed8 I X (rep) soe paPx(z) F closed
P

Def: A rational subset is of the form

2) Hilfr) =<x(Spa(A , At) /(fi(x)) = (g(x)) + 0]

ifIn...., fug) generate an open ideal.

Structure (pre) sheaf :

Qx(X) = E
, OY(X) = Et

on rational subsets US firfry we have

Au := completion of A [ag]
in Ag

Aut = completion of At C ...., EnyN
integral close

(A
,
A+
) -> (Au

,
Ai Au

↳
Spa(Ar ,

Au > Spa(A, At (Ao[f] ,FAofr](
s Ex(U) = Au

,

Ex2U) = Aut of definition

Warning : not always a sheaf

↳> strongly noetherian or perfectoid (estably uniform)
all AXTr, ... < noeth . rational subsets OX(V) uniform

A bounded

Think schemes -> sheafy

2) Definition of adic spaces
-> glue together affinoids

Defi A locally v-ringed space (X, Ox ,
<xxex) is a triple where

- (X
,Ox) locally topologically ringed space

- for each xeX
equ .

class of valuations vx on local ring Ox,x

who's support is the maximal ideal

Morphisms of locally v-ringed spaces
(X, Ex .

<xxex)-> (Y
,Ey , <vyyey

are morphisms of locally unged spaces St. for XY
V /0x

,y

= Vy
5y , y

->Ox
,
x



open immersion if X homeomorphism anto open VEY

and it induces an isomorphism

(X
, Ex , <vixex1 => (U

,
Oylo

,
Embueu)

sheafy Huber pair (A, A
+

) -> 2x , Ox , <vx3xeX)

(A ,
A

+ ( ~ X= Spa(A,
At)

x= Ox
= limit of valuation

determined by x onOx(U)
(U rational)

Rmk : (vx3xex determines a subsheaf of Ox

given by Ox(U) = <acOx(V) /viax) =1 for all xeU]

Def : A locally v-ringed space obtained from a Huber pair
is call affinoid adic space .

An adic space is a locally v-ringed space that admits an open
covering X = UU: by affinoid adic spaces.

i

Just like in the scheme case we can give affinoid adic
spaces to adic spaces.

Example : The affine line

↳ non-archimedean field with pseudo-uniformizer wEK

closed disk of radius /-

Dr(0
,
(i) = Spa (k(w"T) ,

k(rT))

indeed for a classical pointXn corresponding to

dek via Xx(f) = If(x)) we have

X Dr10 ,
Iw) > lirT(xa)) = 1

i.e . (wx = 1
i

.e
. (x) = -"

Inclusions : min (k(ii)
,
Kim+) -> (KirTY

,
KirT))

&) Dr(0
,
(1) -> DrCO ,

KM



affine An = WDm10 , I) (name :

n analytificationofeline)
NOT affinoid :

-> UDu10 ,
-1) has no finite subcovering

but affinoid adia spaces are quasi-compact
Global sections of structure sheaf :

O<Ar) = KEST3] power
series that converge

*
everywhere

ex &witi =k<+3)
i = 0

other examples
Caution

open unit disk Dr(0 ,
1) = UDr10 ,

IwYm1) # <xeDu(0 ,
1))

MEN |T(x)) <1]
global sections

Sit
.subringof kETD -converge for allatk of nam <1

projective line : give two unit disks

D : = Spa(k(T) ,
k<T)) Di=Spa(k(s) ,

K
* S))

along <T = 1)
,
<Isl = 1) via

(k(S ,
5 )

,
k%S

,
54)= (k(i" <, k*T

,
ii)

Six T
- 1

Indeed GP) =

Local Huber pairs :

Goal : define (0x
,
x ,Ox,) as Huber pair

i

.e . structure of affinoid adia space

Def : A Huber pair (A,
At) is called local if

- A
,
A

+
are local

- At is the preimage of a valuation ring k of the residue
field Ka of A

- the valuation Va of A defined by Kat is continuous



A-> A/m = kA
UI Ul
.
A

+ = ki evaluation ring

One can show meAt and Am= kit

Example : (Qp , 7p)

kA= Qp k= = 7p

↳ defines p-adic valuation

[7p.. 74]
we have kn =

p , k = #p

kA defines trivial valuation on KA

Lemma : Let (A, At) be a 'local Huber pair , ad At an ideal
.

Then either aem or mea.

Proof : If a km ,
take mem

,
and a ta -m

~ thus a invertible in A so EA
,
amemAt

~> m = aamea = ma
.

So let ISAT be an ideal of definition .

~ IEM or ME I

Def : (i) I'm "formal case"

(ii) I= 10) [v "discrete case" -> (7p , Xp) discretea A

(iii) me l "analytic case" my (Qp , Xp) pudicandA

Let beanadispace
Idea : local Huber pair (Ox

, x , Ox) via colimit
But colimit topology + valuation topology defined

by X

-> "define new colimit by weakening condition"



Construction : Let p
:= suppx

B
↳ x defines

Define A := Bp with it :Bp -> k(p) valuation

set At : = (ae Al +(a)(k(x)
+

3

set I = JAt [A+

as ideal of definition

Prop : For two affinoid opens (B ,
BT)

,
(Bl

,
B't)

~

we have (1 ,
+ -+ (*, ' + )

Prop : The pair constructed above satisfies

Xx : = Spa(A ,
At) ~ lim U

XEw

We will use.

Xx = Spa(Ox ,
0x, )

equipped with not the colimit topology ,
but

(Ox, IQx,
i) as rig of definition.

After completion we have (0 ,E* ) = (A,+ (
with this topology

Examples : For affinoid Huber pairs (Tp ,<p)

Speckp : (0)
, (ph

residue field Xpcol = Ap 2) only pradic valuation
analytic

so X := predic valuation anUp w local Huber CGp ,Xp)pain
residue field Xpkp) = #p - only trivial valuation

analytic th p(x)=o w . local Huber (72p ,Tp)so XM

a(x)= 1 pair

Analyticadiaspaces :

Def: Let (A
,
A+) be a Huber pair .

XSpa/A, At) is called analytic if suppx is not open
↳ i

.e . small

Let X be an adia space .

XeX is called analytic
,
if it has affinoid ubdSpa(A ,At)

-+. x Spa(A , At) is analytic



An adic space X is called analytic if all points are analytic
-> later

, rigid analytic spaces
Lemma : A morphism f:Spa/A ,

At-> SpalB ,
Bt) of adicspaces

non-analytic points to non-analytic points .

Proof : f is given by 4
: (B

,
B+ -> (A

,
A

+

)

If supp(x)[A is open then so is /supp(x))= Supp(f(x) .

-

3) Morphisms of adic spaces :

Recall that a morphism of adic spaces is a morphism

(X. Ex .
<Vbxex) -> (Y

,Oy , Evybyey)
where (X

, 0x) -> (Y, Oy) is a morphism of
locally ringed spaces

and Vloxy
= Vy on Ox,x .

For affinoid it. is induced by a morphism of

Huber pairs (A ,
A+ ) > (B

,
B

+ )

exist rings of def . S
.
t. glA6 [Bo , glAt) LBT

Def: A homomorphism of fluber rings yR+S is called adic

if there exists rigs of definition Ro
,
So st

. g(Rol =So
and for an ideal of def, p(I)So is an ideal of def.

A morphism of adic spaces is adic if it is locally defined

by adic morphisms of Huber pairs.

Rmk : topology of S is entirely determined by R !

Lemma : An adic morphism takes analytic points to analytic points .

Proof see HLU



Finiteness :

we cannot take fin . gen .

> ((T) is not

Def A homo . R-S of complete Huber rings is a quotient-

if it is say ,
continuous , open.

map
A homo (R

,R
+ ) -> CS , St) is a quotient map

If R--S is a quotient my ,
strelative integral closure

of the image of R" in S
. ne

Def: A homomorphism R-S of Huber rings is strictly
of topologically finite type if there is a quotient, map

R(T1 .
..

.

, Tn)-5 of R-algebras
For definition of "finite type" see

HLV4

-

Further properties :

- perfectoid spaces
Fiber products XXzY exist in "nice" cases

-> fig finitetype
zu- g adtakly finCan define separated/proper via f

type
Def : f quasised, locally of finite type

spack ,
Ki ->X

~
-7

↓.. - ↓ f
spack ,

k+)-Y

K uch arch field , K
+ [K" open valuation subring

flat ,
smooth, etale via lifting



Def: Let fix-> Y be a morphism of locally finite

type , locally noeth .
adia space

&,A+ 1 Noetherian Huber pair ISA ,
IEC

Si-Spa/AAt) ,
T = Spa(A/I ,LA/IS)

for any such A
I k(2]/(22)
T- smooth lifts

↓..... * etale unique
S - Y



4) mparison :

Analytification : For (2
, 0z, [vzzez) wite space

Fiber product with schemes

Let Y X be a maphism of schemes that is locally of

finite type ,
I a stable adic space , ->X maphism of

locally ringed spaces.Then the fiber productYxxz exists
,

is a stable adia space ,
and the projection

Yxxz- z W
-

i) ->
is locally of finite type. Yxz - z

--
--

Def : Let (k
,
kt) be an 1 ↓ ↓

affinoid field .

Y ->
X

The analytification of a variety X/K is defined as

Xan := X Yspeck Spa(k ,
k

+ )

construction amounts to gluing k(WT
, , . . ..

, Th/T
-if X = m[tn ... , TnJ/I Ibanded

Example: affine line An (variety ! )

give affinoids Spa (k(WT) ,
k*

*

Th (

via inclusion

=>Anjan = U Spa(kuri) ,

k*"

+)]
M

= A
,
k

adic affine line

-> Spall,
%

↓ ↓

* -> speck



Formal schemes :

A noetherian ring endowed with I-adic topology

formal spectrum 7) = Spf A

- underlying topological space is allopen pune ideasa
-

- structure sheaf GCSpfAf) = As

"infinitesimal thickening" of a standard scheme
-> glue to locally noetherian formal schemes
Thm : There is a fully faithful functor from locally noetherian

formal schemes into category of adic spaces .

It maps

A- SpaCA ,
A)

Given a locally northerian formal scheme ,
we can construct

(x ,0x) == (X* Od , 0xd) => (X
,
0x)

God = Otyed
ix : maps open prime ideal p to trivial valuation

on k(p) (i .e, a point xeXad w . sppx =p)
rx

: x Xad
,

we have
~ induce strivial ral

k(x)
+ valuation ring in k(X)

and A -> k(x)

↳ image in k(x)+ since lam)/21 VaeA

therefore we have a map y
: Specklt-> SpecA

so we send x top(r) where in <kx+

unique closed point
=> xo ix = id



Rigid analytic varieties:

Def: Let (k
,
ki be an analytic field (field with valuation topology)

A rigid analytic variety over (k ,
ki is an adic space X

of finite type over (k
,
K

original theory
Def : A formal model of a rigid analytic variety over

(k
,K is a formal scheme If over spalk ,

ki

with (ty = X
.

turpoints Emp ,Tp)

trivialGiven a formal model (f , blowing up alonggeneic
paca

on #p

a sheaf of idealsf st. we] we obtain another

formal model .

Thm (Raynard)
There is an equivalence of categories
< q> -torsion free formal k:schemes)
of topologically finitetype

localised by admissible formal blows
->sqcqs rigid K-spacesy

If - Hy Igeneria fiber
In particular , for guas rigid k-spaces , formal

models always exist.
Further

, given a gas rigid K-space X

and a formal model It, we have a specialisation map

spix (ti (X -x(+)
ad=x()

/

Thm : sp
=spiliet :X->mi is a homeamahism

and induces an iso

(X, ) = I Ki ,Oil



Berkovich spaces :

Glued locally from affinoid algebras A (quotients ofTake alg . !

MIA) = & multiplicative seminarsy
v : A -> Ryo

topology : weakest top . St . X1> (x(f)) is continuous

FfEA
Given an adia space X

the separated quotient XB is a Berkovich space.

-> separated quotient is the largest quotient st.
X is Hausdaff .

In particular , we identify every point to its maximal

generization
u)

Closed mit disk Spa (Kp(T) , Oc(T)) =(x(Cant((p(t)) /(T()(21]
(p-adic)

type classical
name supp(X) ↑

x Ax/Mx closed?

XX (T-x) Q closed

empntsuxaelrep,a 20] Pa H non-closed
P

Xa
, r(r(pa) parcRY #p closed

XD
.

(nDi =0) Q
TL

closed

identified
X (rep)

↳ paPx(z) F closed
P

-> only rank 1 pointe left


